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Abstract. We give a direct proof of the Goldbach’s conjecture, (GC), in num-
ber theory, in the Euler’s form. The proof is also constructive, since it gives a
criterion to find two prime numbers ≥ 1, such that their sum gives a fixed even
number ≥ 2. The proof is obtained by recasting the problem in the framework
of the Commutative Algebra and Algebraic Topology. Even if in this paper
we consider 1 as a prime number, our proof of the GC works also for the re-
stricted Goldbach conjecture, (RGC), i.e., by excluding 1 from the set of prime
numbers.
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1. Introduction
“Every even integer is a sum of two primes.”
“I regard this as a completely certain theorem, although I cannot prove it.”
(Euler’s letter to Goldbach, June 30, 1742.)
This work in two parts, is devoted to solve the so-called Landau’s problems. These
are four well-known problems in Number Theory, listed by Edmund Landau at the
1912 International Congress of Mathematics, remained unsolved up to now. In this
first part, the Goldbach’s conjecture in Number Theory, is considered. This is the
first problem in the Landau’s list, and was one of the most famous example of the
Go¨del ’s incompleteness theorem [5, 6, 7, 9]. In this paper we give a direct proof of
this conjecture. Some useful applications regarding geometry and quantum algebra
are also obtained. (The other three Landau’s problems are considered and solved
in Part II [17].)
Our proof of the Goldbach’s conjecture is motivated by the experimental observa-
tion that fixed an even integer, say 2n, n ≥ 1, and considered the highest prime
number p1 ∈ P , that does not exceed 2n, the difference 2n − p1 is often a prime
number, or if not, we can pass to consider the next prime number, say p
(1)
1 < p1,
1
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and find that 2n− p
(1)
1 is just a prime number. (We denote by P the set of prime
numbers.) Otherwise, we can continue this process, and after a finite number of
steps, obtain that 2n− p
(s)
1 = p
(s)
2 , where p
(s)
2 ∈ P . This process gives us a practi-
cal way to find two primes p
(s)
1 and p
(s)
2 , such that 2n = p
(s)
1 + p
(s)
2 , hence satisfy
the Goldbach’s conjecture. In Tab. 1 are reported some explicit calculations for
2 ≤ 2n ≤ 998. Here, in agreement to the original GC, we consider the number 1 as
a prime number. However, our criterion works well also if the number 1 is excluded
by the set of prime numbers. Of course the question is “Does this phenomenon is
a law and why ? ”1 The main result of this paper is to prove that this criterion
(in the following referred as “criterion in Tab. 1”), is mathematically justified.2
For this we recast the problem in the framework of the Commutative Algebra and
Algebraic Topology, by showing that to solve the GC is equivalent to understand
the algebraic topologic structure of the ring Z2n. In fact, the criterion in Tab. 1 is
encoded by Theorem 2.20. After the proof of this theorem the GC and RGC are
simple corollaries.
The paper is organized in an Introduction (Section 1), where we illustrated our
criterion to solve the GC, by means of algebraic topologic methods. There is also
emphasized by means of a cannot-go theorem (Theorem 1.1) the difficulty to solve
the GC by simply looking to the prime numbers in the ring Z of integers. In
Section 2 we study some fundamental properties of the rings Z and Zm.
3 The main
result is contained in Theorem 2.20 that proves that criterion in Tab. 1 is justified
by some new algebraic topological structures and some properties of commutative
algebra applied to suitable rings Zm. Then Corollary 2.51 and Corollary 2.52
conclude the proof of the GC and RGC too. Corollary 2.53 summarizes above
results into a general criterion to find all the Goldbach couples associated to any
fixed integer 2n, n ≥ 1.4 In Section 3 are shortly given some applications of the GC
respectively in the Euclidean Geometry and in Quantum Algebra and Quantum
PDE’s, as formulated by A. Pra´staro. (For information on this last subject see
[15, 16] and related works quoted therein.) More precisely, in Proposition 3.1 we
recall a previous application of the GC given by [12] that now is a theorem. This
relation is interesting, since it relates the GC to a diophantine equation that, now,
after Corollary 2.51 and Corollary 2.52, can be considered solved too. Finally
Theorem 3.2 relates the GC to the quantum algebra and algebraic topology of
quantum PDEs, as formulated by A. Pra´staro, showing the existence of a canonical
homomorphism between the group of even quantum numbers and a suitable group
related to a point group of crystallographic groups.
Before to pass to the proof of above criterion, i.e., to the proof of the GC, let us
emphasize by means of the following theorem the difficulty to prove the GC and
RGC by remaining in the Arithmetic framework, namely in the ring Z.
1The Goldbach’s conjecture formulated in this way is usually called strong GC. This implies
the following weak GC: “All odd numbers greater than 7 are the sum of three odd numbers.”
Another version of the GC is the following: “Every integer greater than 5 can be written as the
sum of three primes.”
2Let us emphasize that after this proof the name “criterion in Tab. 1” is justified since it
allows us to get the goal after a finite number of steps.
3According to the general mathematical interest of the Goldbach conjecture, this paper has
been written in an expository style.
4This criterion agrees with the above one, quoted criterion in Tab. 1, and gives a relation
with the structure of suitable ideals of a ring.
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Table 1. Criterion to find a solution to the Goldbach’s conjecture:
2n = p
(s)
1 + p
(s)
2 con p
(s)
1 , p
(s)
2 ∈ P .
n ≥ 1 2n p1 ∈ P 2n− p1 = p2 ⇒ 2n− p
(1)
1 = p
(1)
2 ⇒ · · · 2n− p
(s)
1 = p
(s)
2
1 2 1 2− 1 = 1
2 4 3 4− 3 = 1
3 6 5 6− 5 = 1
4 8 7 8− 7 = 1
5 10 7 10 − 7 = 3
6 12 11 12 − 11 = 1
7 14 13 14 − 13 = 1
8 16 13 16 − 13 = 3
9 18 17 18 − 17 = 1
10 20 19 20 − 19 = 1
· · · · · · · · · · · ·
110 220 211 220 − 211 = 9 = 3× 3 ⇒ 220 − 199 = 21 = 3× 7
⇒ 220 − 197 = 23
173 346 337 346 − 337 = 9 = 3× 3 ⇒ 346 − 331 = 15 = 3× 5
⇒ 346 − 317 = 29
259 518 509 518 − 509 = 9 = 3× 3 ⇒ 518 − 503 = 15 = 3× 5
⇒ 518 − 499 = 19
266 532 523 532 − 523 = 9 = 3× 3 ⇒ 532 − 521 = 11
269 538 523 538 − 523 = 15 = 3× 5 ⇒ 538 − 521 = 17
278 556 547 556 − 547 = 9 = 3× 3 ⇒ 556 − 541 = 15 = 3× 5
⇒ 556 − 523 = 33 = 3× 11 ⇒ 556− 521 = 35 = 5× 7
⇒ 556 − 509 = 47
298 586 577 586 − 577 = 9 = 3× 3 ⇒ 586 − 571 = 15 = 3× 5
⇒ 586 − 569 = 17
319 628 619 628 − 619 = 9 = 3× 3 ⇒ 628 − 617 = 11
320 640 631 640 − 631 = 9 = 3× 3 ⇒ 640 − 619 = 21 = 3× 7
⇒ 640 − 617 = 23
335 670 661 670 − 661 = 9 = 3× 3 ⇒ 640 − 659 = 21 = 3× 7
⇒ 670 − 653 = 17
350 700 691 700 − 691 = 9 = 3× 3 ⇒ 700 − 683 = 17
309 718 709 718 − 709 = 9 = 3× 3 ⇒ 718 − 701 = 17
391 782 773 782 − 773 = 9 = 3× 3 ⇒ 782 − 769 = 13
393 796 787 796 − 787 = 9 = 3× 3 ⇒ 796 − 773 = 23
403 806 797 806 − 797 = 9 = 3× 3 ⇒ 806 − 787 = 19
410 820 811 820 − 811 = 9 = 3× 3 ⇒ 820 − 809 = 11
419 838 829 838 − 829 = 9 = 3× 3 ⇒ 838 − 827 = 11
424 848 839 848 − 839 = 9 = 3× 3 ⇒ 848 − 829 = 19
436 872 863 872 − 863 = 9 = 3× 3 ⇒ 872 − 859 = 13
448 896 887 896 − 887 = 9 = 3× 3 ⇒ 896 − 883 = 13
451 902 887 902 − 887 = 15 = 3× 5 ⇒ 902 − 883 = 19
464 928 919 928 − 919 = 9 = 3× 3 ⇒ 928 − 911 = 17
481 962 953 962 − 953 = 9 = 3× 3 ⇒ 962 − 947 = 15 = 3× 5
⇒ 962 − 941 = 21 = 3× 7 ⇒ 962 − 937 = 25 = 5× 5
⇒ 962 − 929 = 33 = 3× 11 ⇒ 962− 919 = 43
486 972 971 972 − 971 = 1
489 978 977 978 − 977 = 1
492 984 983 984 − 983 = 1
496 992 991 992 − 991 = 1
499 998 997 998 − 997 = 1
p1 is the highest prime such that p1 < 2n.
p
(i)
1 is the highest prime such that p
(i)
1 < p
(i−1)
1 , i ≥ 1, p
(0)
1 = p1.
p
(s)
2 is the first number in the sequence i, i ≥ 1, such that p
(s)
2 ∈ P .
P ⊂ N is the set of prime numbers of N.
Theorem 1.1 (A cannot go theorem). In general, i.e., for any even integer 2n,
one cannot find two prime integers p1 and p2 satisfying the GC by simply utilizing
the primality of these numbers.
Proof. Let us prove that one cannot find two prime integers p1, p2 ∈ Z, that satisfy
the GC simply by using the fact that these numbers must be prime numbers. This
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can be seen by utilizing the ring structure of Z. In the following lemma we resume
some properties of ideals in Z.
Lemma 1.2 (Fundamental properties of ideals of Z). One has the following prop-
erties for ideals of Z.
1) All the ideals of Z are the principal ideals nZ, n ≥ 0.5 (These are additive
subgroups of Z.) One has nZ = Z iff n is invertible, i.e., n = 1.
2) nZ ⊂ mZ, (m ≥ 1, n ≥ 1), iff n|m, m divides n, i.e., n = mp, p ≥ 1.
3) mZ is a maximal ideal in Z, iff m is prime.
4) The principal ideal mZ+ nZ = dZ, has d = g.c.d.(m,n).
•Then we can write d = mx+ n y, for some x, y ∈ Z.
• In particular, if m and n are coprimes, then mZ+nZ = Z and 1 = mx+n y. In
such a case mZ and nZ are called coprime ideals.
5) (Intersection of two ideals) mZ
⋂
nZ = rZ, r = l.c.m.(m,n), r ≥ 1.
•Therefore one has mZ
⋂
nZ 6= ∅, and contains mn.
6) (Product of two ideals) (mZ)(nZ) = (mn)Z.
•Therefore one has (mZ)(nZ) = mZ
⋂
nZ iff m and n are coprimes.
• (mZ+ nZ)(mZ
⋂
nZ) = (mZ)(nZ).
7) (Ideals quotient) Zn ≡ Z/nZ ∼= {0, 1, 2, · · · , n− 1}, n ≥ 1.
• If n is prime then Zn is the field of the maximal ideal nZ ⊂ Z. Then every
non-zero element a ∈ Zn is an unit, i.e., ∃ a
−1 ∈ Zn, such that a a
−1 = a−1 a = 1.
8) Let be fixed the positive integers (ni)1≤i≤n. Then one has the canonical ring
homomorphism (1).
(1)

φ : Z→
∏
1≤i≤n
Zni , φ(a) = (a+ Zni)

 .
φ is surjective iff ni and nj are coprimes for i 6= j. φ is injective iff
⋂
1≤i≤n niZ =<
0 >. This condition is never verified for the ideals of niZ, with ni 6= 0.
9) Let n = pr11 .p
r2
2 · · · p
rk
k be the prime factorization of an integer n ≥ 1. One has
the exact commutative diagram reported in (2).
(2) 0

0 // nZ // Z
j // ∏
1≤i≤k(Zprii
)

// 0
0 // nZ // Z // Zn

// 0
0
The homomorphism j is given by j(a) 7→ (ji(a))1≤i≤k, where ji : Z → Zpri
i
. In
other words
φ(a) = (a+ pr11 Z, · · · , a+ p
rk
k Z).
5A principal ideal p of a ring R, is characterized by the property x y ∈ p ⇒ x ∈ p or y ∈ p.
THE LANDAU’S PROBLEMS.I: THE GOLDBACH’S CONJECTURE PROVED 5
10) (Radical of ideal in Z) The radical of an ideal mZ ⊂ Z is the ideal
r(mZ) = {x ∈ Z |xn ∈ mZ for somen > 0}.
Set a = mZ. One has the following properties for the radical a.
(i) r(a) ⊇ a. (a is called a radical ideal if r(a) = a.)
(ii) r(r(a)) = r(a). Therefore r(a) is a radical ideal.6
(iii) r((a)(b)) = r(a
⋂
b) = r(a)
⋂
r(b).
(iv) r(a) = Z ⇔ a =< 1 >.
(v) r(a+ b) = r(r(a) + r(b)).
(vi) If m is prime then r((mZ)n) = mZ, for all n > 0. (mZ is an example of radical
ideal.)
(vii) If m = pr11 · · · p
rk
k is the prime factorization of m, then
r(mZ) =< p1, · · · , pk >=
⋂
1≤i≤k
< pi >∼= p1 · · · pkZ.
Every radical is the intersection of prime ideals containing it.
(viii) r(mZ) and r(nZ) are coprime ideals iff m and n are coprime numbers.
Proof. The proof of the propositions of this lemma are standard. (See, e.g., [2, 3,
4].) 
Let us now, take two primes p1, p2 ∈ Z. From Lemma 1.2-4, it follows that
(3) p1 x+ p2 y = 1
for some x, y ∈ Z. Multiplying both sides of equation (3) by 2n, we get
(4) p1 x 2n+ p2 y 2n = 2n.
Then from (4) it should be possible to prove the GC if we should be able to find
two prime integers p¯1 and p¯2, such that p¯1 = p1 x 2n and p¯2 = p2 y 2n. But this
should imply p¯1|p1 and p¯2|p2.
7 This is impossible for prime numbers p¯i, i = 1, 2.
Therefore, the road to find a solution for the GC, simply by starting from two
primes, is wrong. 
Warning. Let us close this Introduction, by emphasizing that the new algebraic
topologic methods used to prove the Goldbach’s conjecture are not standard in
Number Theory. More precisely let us stress these new methods and their purposes.
Algebraic Topology - The first method is focused on new bordism groups (Goldbach-
bordism groups). By means of these mathematical tools it is possible to decide
whether, for any fixed positive integer n, there exists at least a Goldbach-couple
in the interval (0, 2n] of integers, i.e., two primes p and q such that p + q = 2n.
Therefore the existence of Goldbach-couples is recast into suitable boundary value
problems in Algebraic Topology. (This is the main novelty of our proof. See Lemma
2.43.)
Commutative Algebra - The second method uses commutative algebra and
in particular Noether rings, Artin rings, maximal ideals, ... to built all possible
Goldbach-couples for any fixed positive integer n. These mathematical tools are
standard, but the novelty is their use in connection with Goldbach-bordism groups.
6For example r(4Z) = 2Z and r(2Z) = 2Z.
7Warning. In this paper we adopte the symbol p|q to say that the integer q divides p, hence
p = q · r, for some other integer r. This warning is necessary, since in Number Theory one usually
adopt the mirror symbol.
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(In part II [17] are solved also three other Landau’s problems by using the same
philosophy, namely by using suitable new bordism groups.)8
2. The Proof
In order to build the proof, let us associate to any integer n ∈ N the additive group
Zn ≡ Z/nZ. Let us consider the following lemmas.
Lemma 2.1. • Let G =< a >= {a = a1, a2, · · · , an = e} be a cyclic group of order
n.9 One has the canonical mapping G → Zn, a
r 7→ [r], 1 ≤ r ≤ n, that is an
isomorphism: G =< a >∼= Zn.
•Every group of order p prime is cyclic and abelian.10
• If G =< a > is a cyclic group of order n, the equality aλ = e happens iff λ = q n.
•Every subgroup of a cyclic group G =< a > is a cyclic group.
•The subgroup (ak), 1 ≤ k ≤ n, with ak ∈ G, G cyclic group of order n, coincides
with (ad) iff k = k′ d and n = n′ d. (d divides k and n.) Furthermore, the order of
(ak) is n′ = n/d.
The element x = ak is a generator of the cyclic group G =< a >, of order n, iff k
and n are coprimes.11
Lemma 2.2 (Euler’s totient function and Euler’s theorem). •The number of
distinct generators of a cyclic group of order n is the Euler’s totient function
ϕ(n) = ♯{k ∈ N | g.c.d.(n, k) = 1, 1 ≤ k < n}, i.e., the number of positive prime
integers with respect to n, in the interval 1 ≤ k < n.12
• (Euler’s product formula) If n admits the prime factorization n = ar11 · · · a
rk
k , then
one has the relation (5) between ϕ(n) and the primes ai, i = 1, · · · , k.
(5) ϕ(n) = n(1−
1
a1
) · · · (1−
1
ak
) = n
∏
n|a
(1−
1
a
)
where the product is over the distinct prime numbers dividing n.
8This paper is a revised version of the paper posted on arXiv with the same title [17]. The
difference is limited to the Introduction that has been shortly expanded to emphasize the new
mathematical methods introduced. This has been made in order to give to the reader an yellow
line to follow in this complex paper.
9In a ring R, with multiplicative identity element e, a root of unity is any element a ∈ R, of
finite multiplicative order, i.e., an = e. If F is a Galois field (i.e., finite field, e.g., Zp, with p
prime) the n− th root of unit of F, is a solution of the equation xn − 1 = 0 in F.
10A group where every element is of infinite order, is called without torsion. A group with
torsion is one where every element has finite order. In general every finitely generated abelian
group G is a finite direct sum of cyclic subgroups Cj ∼= Zνj , νj ≥ 0. Therefore G has a torsion
subgroup T ≡ ⊕νj>0Cj = ⊕νj>1Cj . The free part of G is ⊕νj=0Cj
∼= G/T . The number of
summand Z ∼= C0 in the free part of G is called the rank of G, and represents the maximal
number of linearly independent elements in G. The numbers νj > 1 are called torsion coefficients
of G and can be chosen as powers of prime numbers: νj = p
ρj
j , pj ∈ P , ρj > 0. Two finitely
generated abelian groups are isomorphic iff they have the same rank and the same system of
torsion coefficients. (For complementary information see e.g., [3, 4].)
11In fact, one has ak = ak
′ d ∈< ad >⇒< ak >⊆< ad >. On the other hand, after the Bezout
relation, d = αn + β k, α, β ∈ Z. So we get ad = aα n+β k = aβ k ∈< ak >⇒ (ad) ⊆ (ak). We
can conclude that (ad) = (ak).
12For example, the group of units of Z6 = {0, 1, 2, 3, 4, 5}, is Z
×
6 = {1, 5}, hence ϕ(6) = 2.
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Table 2. Multiplication table in Z×10.
1 3 7 9
1 1 3 7 9
3 3 9 1 7
7 7 1 9 3
9 9 7 3 1
1−1 = 1; 3−1 = 7;
7−1 = 3; 9−1 = 9.
Table 3. Multiplication table in Z×22.
1 3 5 7 9 13 15 17 19 21
1 1 3 5 7 9 13 15 17 19 21
3 3 9 15 21 5 17 1 7 13 19
5 5 15 3 13 1 21 9 19 7 17
7 7 21 13 5 19 3 17 9 1 15
9 9 5 1 19 15 7 3 21 17 13
13 13 17 21 3 7 15 19 1 5 9
15 15 1 9 17 3 19 5 13 21 7
17 17 7 19 9 21 1 13 3 15 5
19 19 13 7 1 17 5 21 15 9 3
21 21 19 17 15 13 9 7 5 3 1
1−1 = 1; 3−1 = 15; 5−1 = 9; 7−1 = 19; 9−1 = 5;
13−1 = 17; 15−1 = 3; 17−1 = 13; 19−1 = 7;
21−1 = 21.
• (Euler’s classical formula) The relation between n, its positive divisors d and the
Euler’s totient function ϕ, is given by the formula (6).
(6)
∑
n|d
ϕ(d) = n.
where the sum is over the positive divisors d of n.
• (Euler’s theorem) If a is a generator of Zn, then a
ϕ(n) ≡ 1modn.
Lemma 2.3 (The ring Zn and its authomorphism group). By considering Zn a
ring, one has the natural ring isomorphism:
φ : Zn ∼= HomAbelian−group(Zn,Zn),
given by r 7→ φ(r), φ(r)(p) = pr = p+ · · ·+ p︸ ︷︷ ︸
r
. In particular, if r is coprime with
n, then φr : Zn → Zn is a bijection. Therefore, one has the isomorphism
Z×n
∼= AutAbelian−group(Zn),
where Z×n ⊂ Zn is the group of units of the ring Zn. The elements of Z
×
n are the
generators of Zn.
13
13Let us recall that a unit for an unital commutative ring R is an element a that admits inverse,
i.e., an element a−1, such that aa−1 = 1. If g.c.d.(n, a) = 1 in Z, then, a identifies in Zn an unity.
In fact, if a is coprime with n, then holds the following equation in Z: x · n + y · a = 1, hence
y · a = 1 − x · n, for some x, y ∈ Z. This means that we can write y · a = 1modn, or simply
y · a = 1 in Zn. Therefore y = a−1 ∈ Z
×
n ⊂ Zn. In Tab. 2 is reported the multiplication table of
Z
×
10 and in Tab. 3 the multiplication table of Z
×
22. The group of units of Z is Z
× = {−1,+1}.
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Lemma 2.4. Let H be a subgroup of Zn, of order b and index c in Zn. Then
one has n = b c and H = cZ
nZ
∼= Zb ∼=
Z
bZ
. The situation is resumed by the exact
commutative diagram (7).
(7) 0

0

0 // nZ // cZ

// cZ
nZ
= cZ
bcZ
∼= ZbZ = Zb

// 0
0 // nZ // Z

// Zn

// 0
Zc

Zc

0 0
•There is a one-to-one correspondence between the ideals bZ of Z that contain the
ideal nZ and the ideals of Zn: bZ = φ
−1(Zb), with n|b.
• For any ideal nZ ⊂ Z, n > 1, there exists a maximal ideal mZ ⊂ Z, containing
nZ. More precisely, if n admits the following prime factorization n = pr11 · · · p
rk
k ,
then any maximal ideal piZ, i = 1, · · · , k, contains nZ.
• Let r < m and p be positive integers, such that (m − r)|p, i.e., m − r = p q, for
some positive integer q ≥ 1. One has the exact commutative diagram (8).
(8) 0

0 // Zp // Zm−r // Zm−r/Zp

// 0
Zq

0
• Furthermore iff p and q are coprimes then Zm−r ∼= Zp
⊕
Zq.
14
• For any couple (m, p) of positive integers, with p ≤ m, one can find another couple
(q, r) of positive integers, such that Zp ⊂ Zm−r and Zm−r/Zp ∼= Zq.
In particular if m = p, one has (q, r) = (1, 0), hence the following isomorphisms:
Z = Zp ⊂ Zm−r = Z and Zq = 0 = Zm−r/Zp = Z/Z.
Lemma 2.5 (Group of units and prime factorization). • If n admits the prime
factorization n = ar11 · · · a
rk
k , then one has the isomorphism (9).
(9) Z×n
∼= Z×
a
r1
1
× · · · × Z×
a
rk
k
.
14If n = pr11 · · · p
rk
k
is the prime factorization of the integer n, one has the isomorphism
Zn ∼= Zpr1
1
⊕ · · · ⊕ Z
p
rk
k
. (See also [13].)
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•The multiplicative group Z×ar is cyclic for odd primes a.
•The multiplicative group Z×n is cyclic iff ϕ(n) = λ(n), where λ(n) is the Carmichael
function of n, i.e., the least common multiple (l.c.m.) of the order of the cyclic
groups in the direct product (9).15
Proof. It is a consequence of Lemma 1.2(8) and of the fact that under multiplication
the congruence classes modulo n which are relatively primes to n satisfy the axioms
for an abelian group. 
Lemma 2.6 (Group of units and primality). A positive integer m > 1 is prime iff
ϕ(m) = m− 1.
Proof. This follows from Euler’s product formula (Lemma 5) and according to
Lemma 2.5. In fact, m is prime iff m = a ∈ P , hence |Z×m| = |Zm| − 1 = m− 1. 
Lemma 2.7 (Maximal ideals in Z). In the set Σ of all ideals, 6=< 1 >, of Z any
chain has at least a maximal ideal.
In particular, any chain in Σ, that ends with a prime ideal dZ, i.e., d is a prime
number, has this ideal as maximal ideal.
Proof. Let order Σ by inclusion. Let apply Zorn’s lemma to Σ, i.e., let us show
that every chain in Σ has an upper bound in Σ. In fact, let (nαZ)1≤α≤r be a
chain of ideals such that niZ ⊆ ni+1Z. Set a =
⋃
1≤α≤r nαZ. Then a is an ideal
and 1 6∈ a because 1 6∈ nαZ for all α. Hence a ∈ Σ, and a is an upper bound
of the chain. From Zorn’s lemma Σ must have at least a maximal element. In
fact, from Lemma 2.4 it follows that in order to be satisfied the condition on the
chain, must be ni|ni+1. On the other hand, since all ideals in Z are principal, must
there exist a positive integer d, such that a = dZ. Really if nr = p
s1
1 · · · p
sk
k is the
prime factorization of nr, we can see that a can coincide with any of the following
maximal ideals piZ, i = 1, · · · , k. In particular if k = 1, i.e., nr is a prime number,
there exists only one maximal ideal of the chain. 
Lemma 2.8 (Maximal ideals in Zn). The maximal ideals in Zn are piZ/nZ, i =
1, · · · , k, if n = pr11 · · · p
rk
k is the prime factorization of n.
Proof. The proof follows directly from Lemma 2.4 and Lemma 2.7. 
Lemma 2.9 (Jacobson radical of the ring Z). The Jacobson radical J(Z) of Z, is
for definition, the intersection of the maximal ideals of Z, hence J(Z) = {0}.
The Jacobson radical of the ring Zn is J(Zn) = p1 · · · pkZ/nZ, if n = p
r1
1 · · · p
rk
k is
the prime factorization of n. (J(Zn) coincides with the nilradical of Zn.)
16
•Zn/J(Zn), is a semiprimitive ring.
17
•Zn, with n prime is a semiprimitive ring, (since it is a field).
15For example, the group Z×10 (see Tab. 2) is cyclic of order 4. In fact, one has the splitting
Z
×
10
∼= Z
×
2 ⊕Z
×
5 . ϕ(10) = 4, ϕ(2) = 1, ϕ(5) = 4 and λ(10) = l.c.m.(1,4) = 4. Thus ϕ(10) = λ(10),
hence Z×10 is cyclic. (For any a ∈ Z
×
10, one has a
4 = 1.) Another example is Z×22
∼= Z
×
2 ⊕ Z
×
11, (see
Tab. 3), where ϕ(22) = 10 = λ(22) = l.c.m.(1, 10) = 10. So the multiplicative group Z×22 is cyclic
of order 10. (For any element a ∈ Z×22, one has a
10 = 1.)
16For example J(Z15) = {0}. Instead J(Z12) = 6Z/12Z.
17A semiprimitive ring R is one where J(R) = {0}. It is always semiprimitive the quotient
ring R/J(R), i.e., J(R/J(R)) = {0}.
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Lemma 2.10 (Local rings and semi-local rings). •Z is not a local ring and neither
a semi-local ring.
•Zn is a semi-local ring. If n is prime Zn becomes a local ring with {0} = J(Zn)
the unique maximal ideal. Therefore J(Zn) = Zn \ Z
×
n = {0}, since Zn is a field,
hence semiprimitive.
Proof. These are direct consequences of the following definitions and results in
commutative algebra. A local ring is a ring with exactly one maximal ideal. A
semi-local ring is a ring with a finite number of maximal ideals. In a local ring R,
J(R) = R \R×, i.e., the Jacobson radical coincides with the non-units of R.
In a local ring R, R/J(R) ∼= R/m is a field, hence semiprimitive. Here m is the
unique maximal ideal of R. 
Lemma 2.11 (Nilradical). The nilradical n(Z) of Z coincides with J(Z): n(Z) =
J(Z) = {0}.
The same happens for the ring Zn: n(Zn) = J(Zn).
Proof. Let us recall that the nilradical of a ring R is the ideal n(R) of its elements
x ∈ R, such that xn = 0, for some integer n > 0. n(R) is obtained by intersection
of all prime ideals of R. n(R) can be considered the radical of the zero-ideal:
n(R) = r(< 0 >). In general any maximal ideal is prime, but the converse is not
true. In fact the ring Z, has as prime ideals < m >, with m = 0 or m a prime
number 6= 1. The maximal ideal are only the ones with m prime, 6= 1. However the
intersection of all maximal ideals coincides with the ones of all prime ideals and it
is just {0}. Similar considerations hold for the ring Zn. 
Lemma 2.12 (Non-units and maximal ideals). •Every non-unit of Z is contained
into a maximal ideal.
•Every non-unit of Zn is contained into a maximal ideal.
Proof. The proof can be considered as an application of a similar statement for
rings. However, let us see a direct proof. Let us start with the ring Z. Let
n ∈ Z \ {−1, 1}. Since n ∈ nZ ⊆ pZ, where p is any prime such that n|p. Therefore
n belongs to the maximal ideal pZ.
Let us consider the case of the ring Zn. Then if a ∈ Zn \Z
×
n , it follows that we can
write a, considered as belonging to Zn, as a+nZ. Since a necessarily divides n, we
can write a = p.q, for some prime p, such that it appears in the prime factorization
of n. Therefore we can write a = p.q + p.q′Z, where n = p.q′. As a by product we
get a = p(q+ q′Z). On the other hand (pZ/nZ) ∼= (Z/q′Z) = Zq′ , and since pZ/nZ
is a maximal ideal in Zn, it follows that belongs to a maximal ideal in Zn. As a
consequence one has also that a = p(q + q′Z) belongs to the same maximal ideal
Zq′ in Zn, since p.q ∈ Zq′ . 
Lemma 2.13 (The rings Z and Zn as Z-modules). •The ring Z has a canonical
structure of finitely generated free Z-modulo by means of the following short exact
sequence:
0 // Z
φ=1 // Z // 0
•The ring Zn has a natural structure of finitely generated Z-module by means of
the following short exact sequence:
0 // Hn // Zϕ(n)
φ // Zn // 0
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where φ is defined by
x = φ(x1, · · · , xϕ(n)) =
∑
1≤k≤ϕ(n)
xk ak, x
k ∈ Z
and {ai}1≤i≤ϕ(n) is a set of generators of Zn. Furthermore Hn = ker(φ), is defined
by the linear equation (in Zn):
∑
1≤k≤ϕ(n) x
k ak = 0. One has the isomorphims:
Zn ∼= Z
ϕ(n)/Hn.
Lemma 2.14 (Z as a Noetherian ring). •Z is a Noetherian ring, i.e., any ascending
chain of ideals in Z, terminates (or stabilizes) after a finite number of steps. The
maximal ideal of the chain is a prime ideal, i.e., an ideal of the type pZ with p a
positive prime number.
•Z is not an Artinian ring.
• (Dimension), dim(Z) = 1, where dim(Z) is the supremum of the lengths of chains
of prime ideals, in Z.
•The prime spectrum Spec(Z) of Z is a topological space (with the Zariski topol-
ogy).
Proof. In Z ideals are principal ideals, of the type mZ =< m >, where m are
positive numbers. Moreover, mZ ⊆ nZ, iff m|n. Therefore, a chain mZ ⊆ nZ ⊆
pZ ⊆ · · · , must necessarily terminates after a finite number of steps, since the
possible positive numbers that divide m cannot exceed m. Furthermore, taking
into account the prime factorization of m it is clear that the maximal ideal in the
chain is a prime ideal.
In Z any descending chain of ideals is of the type
mZ ⊇ p1mZ ⊇ p2p1mZ ⊇ · · ·
where m, pi are positive numbers > 1. Such chains cannot stabilize after a finite
number of steps, since we can always find ideals kZ, with k a multiple of the previous
one in the chain. The intersection of all such ideals is the trivial ideal < 0 >.
The strictly increasing chains of prime ideals in Z are of the type p0 =< 0 >⊂ p1 =
pZ, or p0 = pZ, with p > 1 prime. Therefore, the supremum of the lengths of such
chains is 1. This is also the dimension of Z.
The set Spec(Z) of all prime ideals in Z is a topological space with Zariski topology,
i.e., generated by closed subsets, defined by V (X), for any subset X ⊂ Z, as the
set of all prime ideals of Z that contain X . V (X) satisfy the following properties.
(i) If a =< X >⊂ Z, is the ideal generated by X , then V (X) = V (a) = V (r(a)).
(If a ∈ Z, then a = aZ.)
(ii) V (0) = Spec(Z).
(iii) V (1) = ∅.
(iv) If (Xi)i∈I is any family of subsets of Z, then V (
⋃
i∈I Xi) =
⋂
i∈I V (Xi).
(v) V (mZ
⋂
nZ) = V (mnZ) = V (mZ)
⋃
V (nZ), for any ideal mZ and nZ of Z.
(vi) V (
∑
i ai) =
⋂
i V (ai). The basic open sets of Spec(Z) is made by sets Xa =
Spec(Z) \ V (a), for any a ∈ Spec(Z). The sets Xa are open sets in the Zariski
topology of Spec(Z), and satisfy to the following properties.
(vii) Xa
⋂
Xb = Xab.
(viii) Xa = ∅ ⇔ a is nilpotent.
(ix) Xa = Spec(Z) ⇔ a is a unit.
(x) Xa = Xb ⇔ r(< a >) = r(< b >).
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(xi) Spec(Z) is quasi-compact (that is, every open covering of Spec(Z) has a finite
subcovering).18
(xii) Each Xa is quasi-compact.
(xiii) An open subset of Spec(Z) is quasi-compact iff it is a finite union of sets Xa.
(xiv) Let < x >∈ Spec(Z), be a point of the prime spectrum of Z, i.e., x prime.
Then < x >≡ xZ is closed in the Zariski topology of Z iff xZ is maximal. On the
other hand all prime ideals in Z are maximal ones, hence any point < x > is closed
in Spec(Z). Therefore, Spec(Z) is a T0-space, i.e., if < x > and < y > are distinct
points of Spec(Z), then either there is a neighborhood of < x > which does not
contain < y >, or else there is a neighborhood of < y > which does not contain
< x >.
(xv) Spec(Z) is an irreducible space, i.e., any pair of non-empty open sets in the
Zariski topology, intersect, or equivalently every non-empty open set is dense in
Spec(Z). This is equivalent to say that n(Z) =< 0 >.
(xvi) Spec(Z) = {p | p ⊂ Zprimeideal}
⋃
{< 0 >}. Every prime ideal is closed in
Spec(Z), except < 0 >, whose closure is V (0) = Spec(Z). 
Lemma 2.15 (Zn as a Noetherian and Artinian ring). •Zn is a Noetherian and
Artinian ring.
Proof. Since Zn is a finitely generated commutative ring, it is a Noetherian ring.
19
More precisely, any ascending chain of ideals in Zn is of the type:
pZ/nZ ∼= Zq ⊆ rZ/qZ ∼= Zs ⊆ · · ·
where n = pq, q = rs, etc. This chain necessarily stops after a finite number of
step since the numbers q, r, etc. all divide n, hence the steps in the chain cannot
be more than n. Furthermore, the last ideal in the chain must be corresponding to
a prime number, that results a maximal ideal.
To prove that Zn is Artinian, it is enough to prove that dim(Zn) = 0. In fact, any
Noetherian ring is an Artinian ring iff its dimension is zero. [2] On the other hand
all the prime ideals of Zn are of the type Zp, where p is a prime number such that
n|p. Therefore, any strictly increasing chain of prime ideals in Zn can be made by
only one ideal: p0 = Zp wit p a prime number, n|p, hence the dimension of the ring
Zn must necessarily be 0. Therefore, Zn is an Artinian ring.
This means that any descending chain of ideals in Zn
p0 ⊇ p1 ⊇ p2 ⊇ · · ·
stops (or stabilizes) after a finite number of steps. Now, after above considerations
it results that any ascending chain of ideals in Zn is of the type
Za ⊇ Zb ⊇ Zc ⊇ · · ·
with a = pb, b = rc, etc. Therefore, since a must be a multiple of any of the
numbers b, c etc., it follows that such a chain must stop after a finite number of
steps, since a is a fixed number. More precisely, the chain stabilizes at an ideal Zx,
where x is a prime number entering in the prime factorization of a. 
18”Quasi-compact” means ”compact but not necessarily Hausdorff”.
19Another, way to prove that Zn is a Noetherian ring, is to use the following theorem: If R is a
Noetherian ring, and a is an ideal of R, then R/a is a Noetherian ring too.[2] In fact, it is enough
to take R = Z and a = nZ. This agrees with the epimorphism π : Z→ Zn, since Zn ∼= Z/ ker(π).
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Table 4. Examples of strong generators in Z2n.
Z2n Goldbach’s couples (♣) Z
×
2n (Generators group or group of units) ϕ(2n) Quasi-Goldbach’s couples (♠)
Z2 (1, 1)⋆ {1} 1 −
Z4 (1, 3)⋆ {1, 3} 2 −
Z6 (1, 5)⋆ {1, 5} 2 −
Z8 (1, 7)⋆; (3, 5) {1, 3, 5, 7} 4 −
Z10 (3, 7)⋆ {1, 3, 7, (9)} 4 (1, 9)
Z12 (1, 11)⋆; (5, 7) {1, 5, 7, 11} 4 −
Z14 (1, 13)⋆; (3, 11) {1, 3, 5, (9), 11, 13} 6 (5, 9)
Z16 (3, 13)⋆; (5, 11) {1, 3, 5, 7, (9), 11, 13, (15)} 8 (1, 15); (7, 9)
Z18 (1, 17)⋆; (5, 13); (7, 11) {1, 5, 7, 11, 13, 17} 6 −
Z20 (1, 19)⋆; (3, 17); (7, 13) {1, 3, 7, (9), 11, 13, 17, 19} 8 (9, 11)
Z22 (3, 19)⋆; (5, 17) {1, 3, 5, 7, (9), 11, 13, (15), 17, 19, 21} 10 (1, 21); (7, 15); (9, 13)
Z28 (5, 23)⋆; (11, 17) {1, 3, 5, (9), 11, 13, (15), 17, 19, 23, (25), (27)} 12 (1, 27); (3, 25); (9, 19); (13, 15)
The Goldbach’s couples marked by ()⋆ are ones obtained by criterion in Tab. 1.
The set of strong generators is obtained by the ones of generators, by forgetting the numbers between brackets () in Z×2n.
Z
×
2n = {k ∈ Z2n | g.c.d.(2n, k) = 1, 1 ≤ k < 2n} is also called the multiplicative group of integers (mod 2n).
(♣) Warn ! In this table, except for the case n = 1, do no appear trivial Goldbach couples, ((n, n) with n prime).
(♣) Except in the case n = 1, trivial Goldbach couples are never identified by units in Z2n. (See Lemma 2.23.)
(♠) In this table are reported the quasi-Goldbach couples that are not Goldbach couples.
Remark 2.16. Let us emphasize that after Lemma 2.2 one can understand that the
numbers p
(s)
1 and p
(s)
2 considered in our criterion to find a solution to the Goldbach’s
conjecture, are just generators of Z2n. However, they are, in a sense, distinguished
generators since they are not only prime with respect to 2n, but are just prime
numbers.
Definition 2.17 (Strong generators in Zm). We call strong generators in Zm the
generators that are identified by prime numbers. Let us denote by Zm the set of
strong generators of Zm. One has the natural inclusions:
Zm ⊂ Z
×
m ⊂ Zm.
Proposition 2.18 (Existence of strong generators in a cyclic group). In Z2n,
n ≥ 1, there exist strong generators. When n > 1, Z2n ⊃ {1}.
Proof. In fact in the set of generators of Z2n there exists always 1, for any positive
number n ≥ 1. However, when n > 1, Z2n properly contains 1. Let us denote
respectively by pk the primes entering in the factorization of 2n, ai the units that
are not primes and by bj the units that are primes. The prime factorization of ak
must be of the type ak = b
m1
1 · · · b
mk
h , since ak are coprimes with 2n. Then any
c ∈ Z2n can be written in the form c = x
kak + y
jbj, x
k, yj ∈ Z. If we assume that
with n > 1, Z2n = {1}, then also the units ak should reduce to 1, and any c ∈ Z2n,
should be written c = x · 1. This can be happen iff Z2n = Z2, hence n = 1, in
contrast with the assumption that n > 1. This just means that for n > 1, Z2n is
larger than {1}. 
Example 2.19. In Tab. 4 we report generators and strong generators, with respect
to examples just considered in Tab. 1. There we can verify that some couples of
generators satisfy equation 2n = a + b, but these do not necessitate to be strong
generators in Z2n.
So, in order to prove GC, we are conduced to prove Theorem 2.20.
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Theorem 2.20 (Goldbach’s couples in Z2n). • In the group Z2n there exist two
strong generators identified by positive primes a and b that satisfy the condition
(10).20
(10) 2n = a+ b, a, b ∈ P.
•We call Goldbach’s couples in Z2n, couples of strong generators of Z2n, identified
by two positive primes a and b that satisfy the condition (10).21
•We call also quasi-Goldbach’s couples in Z2n, couples of generators (a, b) of Z2n,
that satisfy the condition 2n = a+ b, but where one of the numbers a or b does not
necessitate to be prime. (All Goldbach couples are also quasi-Goldbach couples.)
•Goldbach’s couples do not necessitate to be unique in Z2n, for any n > 3.
•We call canonical Goldbach couple of 2n, the first obtained by applying the crite-
rion in Tab. 1.
•We call Noether-Goldbach’s couple in Z2n, the quasi-Goldbach couple (1, 2n− 1),
when it is also a Goldbach couple. If there exists the Noether-Goldbach couple, this
is the canonical one too.
Proof. Let us consider the following lemmas.
Lemma 2.21. The strong generators of Z2n satisfy the following properties.
(i) Each strong generator of Z2n, generates all Z2n.
(ii) If p1 ∈ Z

m then 2n − p1 = p2 is a generator of Z2n, i.e., p2 ∈ Z
×
2n. Then p2
has the prime factorization (11).
(11) p2 = b
u1
1 · · · b
us
s
where bi identify strong generators in Z2n. Therefore p2 is coprime with p1 iff
bi 6= p1, i = 1, · · · , s.
Proof. The first proposition follows from the fact that a strong generator is a unit
of Z2n.
The second proposition follows from the prime factorization of 2n = ar11 · · · a
rk
k . In
fact these primes numbers cannot coincide with p1, since this last is a unit, hence
g.c.d.(2n, p1) = 1. Therefore the number 2n−p1 = p2 cannot be factorized as a
m
s q,
with as coinciding with a prime number ai, appearing in the prime factorization of
2n. In other words g.c.d.(2n, p2) = 1, hence p2 ∈ Z
×
2n. Furthermore, if p2 ∈ Z
×
2n
then in its prime factorization p2 = b
u1
1 · · · b
us
s cannot appear the prime numbers
of the prime factorization of 2n = ar11 · · · a
rk
k . This proves the factorization (11),
hence the condition in order p2 should be coprime with p1. 
Lemma 2.22. Let p2 ∈ Z
×
2n ⊂ Z2n, as defined in Lemma 2.21. p2 is prime iff
it identifies a strong generator in Z2n, i.e., p2 (or more precisely its projection in
Z2n) belongs to Z

2n ⊂ Z
×
2n ⊂ Z2n.
Proof. This follows directly from prime factorization (11). 
20In this paper we denote by P the subset of N given by all prime natural numbers. It is
well known that P is infinite, (Euclide’s theorem), and therefore P has the same cardinality
of N: ♯(P ) = ♯(N) = ℵ0. Recall, also, that ♯(Z) = ℵ0, with bijection f : N → Z, given by
{f(1) = 0, f(2n) = n, f(2n+ 1) = −n}n≥1.
21In the following we shall often use the same symbol to denote a number a ∈ Z and its
projection π(a) ∈ Zm, via the canonical projection π : Z → Zm. In fact, from the context it will
be clear what is the right interpretation !
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Lemma 2.23 (Existence of trivial Goldbach couples). If 2n admits the prime
factorization 2n = ar11 · · · a
rk
k , then one has 2n − ai ∈ P [1, 2n] iff 2n = 2ai. Here
P [1, 2n] denotes the set of primes in the interval [1, 2n]. Thus, except in the trivial
cases, i.e., where n is a prime ai, to the primes ai ∈ P [1, 2n], entering in the prime
factorization of 2n, cannot be associated Goldbach couples of 2n. Therefore, in
non-trivial cases, a necessary condition for the Goldbach couples (p1, p2) of 2n is
that p2 = 2n− b, with b identifying in Z2n strong generators, namely b ∈ Z

2n.
Proof. Let us note that in P [1, 2n] admits the following partition in two disjoint
sets: P [1, 2n] = P [1, 2n]⊔P [1, 2n], where P [1, 2n] denotes the primes entering
in the factorization of 2n and P [1, 2n] are the other primes that identify strong
generators in Z2n. If we denotes by P[1, 2n] the projection of P [1, 2n] into Z2n, by
means of the canonical epimorphism π : Z → Z2n, then we induce the following
partition in P[1, 2n]: P[1, 2n] = Z2n ⊔ Z

2n, where Z

2n = π(P [1, 2n]
) ⊂ Z2n. In
order to see under which conditions 2n− ai is prime, let us represent this number
with respect the prime factorization of 2n.
(12)
{
2n− ai = a
r1
1 · · · a
rk
k − ai
= ai(a
r1
1 · · · a
ri−1
i · · ·a
rk
k − 1)
Therefore, 2n−ai is prime iff a
r1
1 · · · a
ri−1
i · · ·a
rk
k −1 = 1, namely a
r1
1 · · · a
ri−1
i · · · a
rk
k =
2. This condition can be verified iff 2n = 2ai. 
Lemma 2.24 (Maximal ideals and 2n− 1). • If 2n admits the prime factorization
2n = ar11 · · ·a
rk
k , ai ∈ P [1, 2n], then 2n− 1 cannot belong to the ideal Zai ⊂ Z2n.
•The same holds for any element of Z×2n.
•Any element of Z×2n cannot belong to the Jacobson radical J(Z2n)
∼= a1 · · ·akZ/2nZ,
namely the intersection of all maximal ideals of Z2n.
Proof. In fact 2n−1 is coprime with 2n, hence identifies an element of Z×2n. There-
fore, it cannot be contained into a maximal ideal of Z2n. These are of the type Zai ,
where ai is a prime entering in the prime factorization of 2n.
The other propositions are direct consequences of above properties. 
Lemma 2.25 (Mirror symmetry in Z×2n). The integers ai in the interval [1, 2n], that
identify units in Z2n, are symmetrically distributed around the middle. Therefore,
in Z×2n the order is always even: ϕ(2n) = 2d.
22
Proof. In fact, from any of such ai we can see that 2n− ai = aj where aj identifies
another unit in Z2n. The proof is similar to the one considered for the Lemma
2.21. 
Lemma 2.26 (Mirror symmetry in Goldbach couples and existence of Goldbach
couples and Noether-Goldbach couples). • For any fixed even integer 2n, n ≥ 1,
the Goldbach couples are symmetrically distributed around the middle in the interval
[1, 2n].
•Goldbach couples are identified by bi ∈ Z

2n, bi ≥ n iff there exists a strong gener-
ator bj, symmetric to bi with respect to the middle, or equivalently bi − n = n− bj.
• In the case that bi = n, then there exists the trivial Goldbach couple (n, n).
•The Noether-Goldbach couple of 2n, n > 1, exists iff the order of Z×2n−1 is 2(n−1).
22See Tab. 4 for some examples.
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Proof. In fact, for any Goldbach couple (p1, p2) we can write the condition 2n =
p1 + p2 in the forma p1 − n = n− p2.
The second proposition follows directly from the previous one.
If 2n−1 is a prime, then the quasi-Goldbach couple (2n−1, 1) becomes a (canonical)
Noether-Golbach couple. On the other and a positive integerm is prime iff the order
of Z×m is m− 1, i.e. ϕ(m) = m− 1. (Lemma 2.6.) Therefore 2n− 1 is prime iff the
order of Z×2n−1 is 2n− 1− 1 = 2(n− 1). 
Even if there is a mirror symmetry in the distribution of the Goldbach-couples, this
does not origin from an analogous symmetry in the set of strong generators. In
fact, we get the following lemma.
Lemma 2.27 (No-mirror symmetry in Z2n). The strong generators do not respect
the mirror symmetry, in the sense that if there exists a strong generator bi ≥ n
of 2n, does not necessitate that there is also a strong generator bj ≤ n, such that
bi − n = n− bj.
Proof. This can be proved with a counterexample. For example in Z10, the mirror
symmetric of 1 does not exist. This should be 9, but it is not prime. Another
example could be 556, where the strong generator 547 has not a mirror symmetric
strong generator. (See Tab. 1.) In fact, the absence of mirror symmetry in Z2n
produces quasi-Goldbach couples that are not Goldbach couples. 
Definition 2.28 (Noether numbers). We call Noether numbers the even numbers
2n such in Z2n there exists a (canonical) Noether-Goldbach couple.
Lemma 2.29 (Existence of Noether-numbers). 2n is a Noether number iff the
order of Z×2n−1 is 2(n− 1).
Proof. This is a by-product of Lemma 2.26 and Definition 2.28 
Lemma 2.30 (Goldbach couples, splitting of the ring Z and algebraic relations in
Z and Z2n). •Any non-trivial Goldbach couple (bi, bj), i 6= j, bi, bj ∈ Z

2n, gives
split representation of the ring Z: Z = biZ+ bjZ.
This means that hold the equations (13) relating the elements in a same Goldbach
couple, but also different elements of different Goldbach couples, and with 2n.
(13)
{
bi · x+ bj · y = 1, i 6= j, x, y ∈ Z
2n · x¯+ b · y¯ = 1, i 6= j, x¯, y¯ ∈ Z
}
bi, bj , b ∈ P [1, 2n]

Above equations (13) can be reinterpreted as equations in Z2n.
Proof. In fact, it is enough to apply Lemma 1.2, taking into account that 2n is
coprime with any b ∈ P [1, 2n]. Furthermore equations (13) can be reinterpreted
in Z2n, taking into account the isomorphisms (14).
(14)
{
(biZ+ bjZ)/2nZ ∼= Z/2nZ = Z2n
(2nZ+ bZ)/2nZ ∼= Z/2nZ = Z2n

Example 2.31. Let us consider the case 2n = 22. See Tab. 4 for corresponding
characterizations of Goldbach couples. Then p2 = 2n − 1 = 21 is not a prime
number, in other word (1, 21) is a quasi Goldbach couple. (In fact the canonical
Goldbach couple is (3, 19).) However, the equation 22 − 21 = 1 says that 22 is
coprime with 21, hence this equation written in Z, can be rewritten also in Z22,
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where we can write 19 · 19−1 = 1. (See Tab. 3.) In this way we get the following
equation in Z22. 22 · 21− 19 · 15 = 1. This can be rewritten in Z, since 21 and 19
are coprimes. We get −9 ·21+10 ·19 = 1. Instead if we made a similar calculation
with 3 · 3−1 = 1 in Z22 we arrive to the following equation x 21 + y 3 = 1, with
x = 22 and y = −21 · 3−1. This equation cannot be rewritten in Z, since 21 is not
coprime with 3.
Lemma 2.32 (Strong generators and ring isomorphisms). Let {bj}1≤j≤s be the
strong generators of Z2n. Then one has the ring isomorphism
(15) Zb1···bs
∼=
∏
j
Z
bj
.
Proof. In fact one has the short exact sequence (16).
(16) 0 // ker(φ) =
⋂
j bjZ
// Z
φ // ∏
j(Z/bjZ)
// 0
The morphism φ is surjective since the ideals bjZ ⊂ Z are primes. Therefore one
has the isomorphism
Z/ ker(φ) ∼= Z/b1 · · · bsZ = Zb1···bs
∼=
∏
j
(Zbj ).

From above lemmas, and taking into account the criterion in Tab. 1, it is clear
that since the set Z2n is finite, and contains prime numbers, even if these do not
respect the mirror-symmetry with respect to the middle of the interval [1, 2n], (see
Proposition 2.18, Lemma 2.26 and Lemma 2.27), it follows that p2+a = 2n−(p1−a)
must necessarily coincide with a prime number after some finite steps. In fact, in
each of this step p1 − a ≥ n is taken a strong generator. More precisely, if Z
×
2n−1
is of order 2(n − 1), then 2n is a Noether number, hence there is the canonical
Noether-Goldbach couple (1, 2n − 1) of 2n. Moreover if n is prime, there exists
the trivial Goldbach couple (n, n). Other Goldbach couples, when occur, can be
found by considering the 2n − bj , with 1 < bj < 2n − 1, strong generators in
Z2n. In order to be more explicit in our proof, let us associate to any number
1 < 2n− bi = aj < 2n− 1 in our process, the ideal ai = (2n− bi)Z/rZ ⊂ Zr, where
r = l.c.m.(a1, · · · , ak). Here we denote by ai the integers in the open interval
]1, 2n− 1[ that identify the units of Z2n, and by bj , the ai that are primes, hence
their projections under π : Z → Z2n, identify the strong generators of Z2n. Then
the set {ai} of ideals in Zr, associated to the criterion in Tab. 1, must have maximal
elements, since Zr is Noetherian. (See Lemma 2.15.) Warn ! We are not interested
to a maximal ideal of the set {ai}, but to ideals in {ai} that are maximal ideals of
Zr ! These exist just for the Noetherian structure of the ring Zr, and are in a finite
number since Zr is an Artinian ring. (See Lemma 2.15.) On the other hand, any
maximal ideal m in Zr is of the type m = bZ/rZ, with b 6= 1 a prime of the interval
[1, 2n], identifying a strong generator of Z2n. By looking to maximal ideals of Zr,
in the set {ai}, we are sure that these are of the type bZ/rZ, with b some prime
b = 2n− bi 6= 1.
23
23Warn ! In general Zr contains a finite number of maximal ideals, since it is a semi-local
ring. (See Lemma 2.10.) Thus, we can identify by means of such maximal ideals all the possible
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Lemma 2.33 (Relation between Zr and maximal ideals). Let us denote mj =
bjZ
rZ
,
1 ≤ j ≤ s be the maximal ideals in Zr. One has the short exact sequence (17).
(17) 0 // ker(φ) =
⋂
j mj
// Zr
φ // ∏
j(Z/mj)
// 0
and therefore one has the following isomorphisms: Zr/mj ∼= Zbj , and
Zr/ ker(φ) ∼= Zb1···bs
∼=
∏
j
Z/mj ∼=
∏
j
Zbj .
Proof. The proof is similar to the one of Lemma 2.32. 
Lemma 2.34. Any two maximal ideals m1, m2 in Zr are coprimes, i.e., m1+m2 =
Zr.
24
Proof. In fact, m1 +m2 =
b1Z
rZ
+ b2Z
rZ
= b1Z+b2Z
rZ
= g.c.d.(b1,b2)Z
rZ
= Z
rZ
= Zr. 
Lemma 2.35 (Rapresentation of Zr by means of local rings). Zr is isomorphic to
the direct product of a finite number of local artin rings. Furthermore, one has the
canonical isomorphism (18).
(18) Zr ∼=
∏
x∈Spec(Zr
(Zr)x
where (Zr)x is Zr localized at x.
Proof. In fact, Zr is an Artinian ring. (See also Lemma 2.4 and Lemma 2.15.)
Furthermore, Zr as an Artinian ring, has a finite number of maximal ideals, and
in Zr all prime ideals are maximal ideals too. (This agrees with the fact that in
Artinian rings all the prime ideals are maximal ones.) Thus Spec(Zr) = Max(Zr).
i.e., the prime spectrum coincides with the maximal spectrum. Taking into account
that Zr is also a Noetherian ring, one has that Spec(Zr) is a finite Hausdorff
reducible Noetherian topological space consisting of a finite number of points. These
points are closed and open in the Zariski topology, i.e., Spec(Zr) is a discrete
topological space. One has the short exact sequence (19).25
(19)
0 // Zr = Γ(Spec(Zr),OSpecc(Zr))
φ // ∏
x∈Spec(Zr)
(Zr)x =
∏
x∈Spec(Zr)
OSpec(Zr),x
// 0
In fact φ is naturally injective. Furthermore, since each point x is also open, then
(Zr)x = Γ({x},OSpec(Zr)), and {x}
⋂
{y} = ∅ if x 6= y. As a by product, it follows
that a section s ∈ Γ(Spec(Zr),OSpec(Zr)) can be built by a collection of sections
s(x) ∈ Γ({x},OSpec(Zr)), for x ∈ Spec(Zr). Therefore φ is surjective too. 
Goldbach couples, when they occur in {ai}. However, two different maximal ideals can identify
the same Goldbach couple for effect of the mirror symmetry. (See Lemma 2.26.)
24Warn ! Do not confuse the sum with the direct sum. See Lemma 2.38.
25OSpec(Zr) is the sheaf over Spec(Zr), identified by Zr , since OSpec(Zr)(Spec(Zr)) = Zr . If
x = b is a point of Spec(Zr), then lim−−→
U∋x
OSpec(Zr)(U)
∼= (Zr)b, where the limit is made by means
of the restriction homomorphism. (See, e.g., [2].)
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Lemma 2.36 (Spectral properties of Zr and existence of Goldbach couples). The
points bj =
bjZ
rZ
in Spec(Zr), with bj 6= 1, identifying strong generators in Z2n, are
not accumulation points for the ideals ai =
(2n−bi)Z
rZ
, when (2n − bi) = ai is not
prime.26
Proof. In fact, each point bj ∈ Spec(Zr) has all the neighborhoods of the type
U = Spec(Zr)\m for some maximal ideal m ∈ Spec(Zr). Then if ai is not a maximal
ideal it must be contained in some intersection of maximal ideals of Spec(Zr), (see
the next Lemma 2.40), say ai ⊂ m1
⋂
· · ·
⋂
mk. Then m is an accumulation point
of ai if any neighborhood of m contains all the ideals mi, 1 ≤ i ≤ k. But this is
impossible ! In fact, for example the neighborhood U1 = Spec(Zr)\m1 of m cannot
contain m1. 
Lemma 2.37 (Decompositions of ideals ai in irreducible components). Each ideal
ai in the above set {ai}, admits an irreducible decomposition into primary ideals of
Zr. If (2n− bi) = b
r1
1 · · · b
rm
m , is the prime factorization of (2n− bi), then one has
the representation (20).
(20) ai =
br11 Z
rZ
⋂
· · ·
⋂ brmm Z
rZ
.
Furthermore, one has r(ai) = b1 · · · bmZ/rZ.
If ai is primary then r(ai) is prime. If ai is maximal then r(ai) = ai, i.e., ai is a
radical ideal. (The converse is in general false.)
Proof. Let us recall that an ideal q ⊂ R of a ring R, is primary if xy ∈ q implies
either x ∈ q or yn ∈ q, for some n > 0. This is equivalent to say that R/q 6= 0 and
every zero-divisor in R/q is nilpotent. If q is primary then r(q) is the smallest prime
ideal containing q.27 Furthermore an ideal q ⊂ R is called irreducible if q = c
⋂
d
then q = c or q = d. Since in a Noetherian ring every ideal is a finite intersection
of irreducible ideals, it follows also that each ideals ai admits this decomposition.
In fact, if (2n − bi) = b
r1
1 · · · b
rm
m , is the prime factorization of (2n − bi), then
ai =
(2n−bi)Z
rZ
has the natural decomposition (20), where each ideal
(b
rj
j
)Z
rZ
is a
primary ideal in Zr . Finally in a Noetherian ring every ideal contains a power of
its radical. Therefore, r(ai) k ai and r(ai)
n j ai j r(ai), for some n > 0. If ai is
primary, i.e., ai =
bsZ
rZ
, then r(ai) =
bZ
rZ
= m, a maximal ideal of Zr and m ⊃ ai. In
fact, ai =
Z
r′Z
with r′bs = r and m = Z
r′′Z
with r′′b = r. Then r′′ > r′ and r′′|r′,
since r′bs = r′′b. Therefore, ai = Zr′ ⊂ Zr′′ = m. 
It is useful in these calculations to utilize the following lemma.
Lemma 2.38 (Relations between direct sum, intersection and sum of Z-modules).
Let us consider ai as sub-Z-modules of the Z-module Zr. Then one has the short
exact sequence (21).
(21) 0 // ai
⋂
aj
f // ai
⊕
aj
hi−hj // ai + aj // 0 , i 6= j
26This property is important because it is an a-priori motivation to consider the criterion of
Tab. 1 well found. In fact it shows that the ideals bj cannot be considered on the same footing
with respect to the ideals ai. In other words the mirror symmetry is necessary to understand how
the ideals ai ”converge” to the ideals bj .
27For example if R = Z the only primary ideals are < 0 > and < pn >, with p prime.
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where hi : ai → ai + aj and hj : ai → ai + aj are the canonical injections and
f(x) = (x, x) ∈ ai
⊕
aj. Then (hi − hj)(x, y) = x − y. Furthermore, one has also
the short exact sequence (22).
(22)
0 // Zr/(ai
⋂
aj) // (Zr/ai)
⊕
(Zr/aj)
pi−pj // Zr/(ai + aj) // 0 , i 6= j
where pi : Zr/ai → Zr/(ai + aj) and pj : Zr/aj → Zr/(ai + aj)are the canonical
projections
Proof. This lemma is a direct application of some standard results in commutative
algebra. (See, e.g., [4].) 
Example 2.39. For example by considering the next Example 2.50 relative to the
case Z28, hence Zr=11·13·17·19·23·52·33 one has for ai =
5Z
rZ
and aj =
9Z
rZ
, the following
Z-modules:
ai
⋂
aj =
5 · 32Z
rZ
, ai + aj = Zr, ai
⊕
aj =
5Z
rZ
⊕ 9Z
rZ
to which corresponds the short exact sequence (23).
(23)
0 // Z11·13·17·19·23·5·3 // Z11·13·17·19·23·5·32
⊕
Z11·13·17·19·23·52·3 // Z11·13·17·19·23·52·33 // 0
0 // ai
⋂
aj
f // ai
⊕
aj
hi−hj // ai + aj ∼= Zr // 0
The sequence (23) means that ai
⊕
aj is larger than ai + aj ∼= Zr. In fact, ai =
5Z
rZ
and aj =
9Z
rZ
are coprime ideals, (situation similar to Lemma 1.2), but the
corresponding modules Zr′ and Zr′′ have g.c.d.(r
′, r′′) = 15 6= 1, hence r′ is not
coprime of r′′. In other words Zr′
⊕
Zr′′ ≇ Zr′·r′′ . (Lemma 2.4.) The kernel of the
homomorphism ai
⊕
aj → ai + aj is just the intersection ai
⋂
aj that is an ideal of
Zr. The application of the short exact sequence (23) gives (24).
(24) 0 // Z5·32 // Z5
⊕
Z9 // 0 // 0
0 // Zr/(ai
⋂
aj) // (Zr/ai)
⊕
(Zr/aj)
pi−pj // Zr/(ai + aj) // 0
This just means that Z45 ∼= Z5
⊕
Z9, i.e., it agrees with Lemma 2.4 since 5 and 9
are coprimes.
Lemma 2.40 (Ideals ai and maximal ideals in Zr). Each ideal ai is contained
into the intersection of some maximal ideals mi ⊂ Zr, hence is contained in some
maximal ideal of Zr.
Proof. Let ai =
(2n−bi)Z
rZ
. If (2n− bi) = bj, then ai is maximal ! Let us assume that
(2n− bi) = ai is not prime. Then one has that ai is contained in the intersection of
primary ideals. This follows from the fact that Zr is a Noetherian ring. However,
let us look directly this property. In fact, if (2n−bi) = ai admits the following prime
factorization (2n− bi) = ai = b
r1
1 · · · b
rk
k , then one has the following isomorphisms
ai =
br11 · · · b
rk
k Z
rZ
=
br11 Z
rZ
⋂
· · ·
⋂ brkk Z
rZ
= p1
⋂
· · ·
⋂
pk
THE LANDAU’S PROBLEMS.I: THE GOLDBACH’S CONJECTURE PROVED 21
where pm =
brmm Z
rZ
, 1 ≤ m ≤ k, are primary ideals in Zr. One has also the following
inclusions and isomorphisms:
ai ⊂ r(ai) =
b1 · · · bkZ
rZ
=
b1Z
rZ
⋂
· · ·
⋂ bkZ
rZ
= m1
⋂
· · ·
⋂
mk.

Example 2.41. Let us look to the case 2n = 220, reported in Tab. 1. Let us
consider only the ideals ai =
(2n−bi)Z
rZ
corresponding to the steps reported in Tab.
1. Then one has the relation between ideals ai and maximal ideals in Zr reported
in Tab. 5.
Table 5. Some examples of maximal ideals containing some ideals
ai in the case 2n = 220.
a1 = (220 − 211)Z/rZ = 32Z/rZ ⊂ 3Z/rZ = m1 = r(a1)
a2 = (220 − 199)Z/rZ = 3 · 7Z/rZ = (3Z/rZ)
⋂
(7Z/rZ) = m1
⋂
m2 = r(a2)
a3 = (220 − 197)Z/rZ = 23Z/rZ = m6 = r(a3)
See also Tab. 1.
r = l.c.m.(ai).
Z
×
220 = {1, ai | 1 < ai < 220 = 2
2 · 5 · 11, g.c.d.(220, ai) = 1}.
Maximal ideals in Zr : {mi} = {
3Z
rZ
, 7Z
rZ
, 13Z
rZ
, 17Z
rZ
, 19Z
rZ
, 23Z
rZ
, · · · }.
Example 2.42. In Tab. 6 are reported the relations between ideals ai and maximal
ideals mj in Zr, for the case 2n = 28, considered also in the next Example 2.50.
Table 6. Examples of maximal ideals containing ideals ai in the
case 2n = 28.
a1 = (2n− 23)Z/rZ = 5Z/rZ = m2 = r(a1)
a2 = (2n− 19)Z/rZ = 32Z/rZ ⊂ m1 = r(a2)
a3 = (2n− 17)Z/rZ = 11Z/rZ = m3 = r(a3)
a4 = (2n− 13)Z/rZ = 3 · 5Z/rZ = m1
⋂
m2 = r(a4)
a5 = (2n− 11)Z/rZ = 17Z/rZ = m5 = r(a5)
a6 = (2n− 5)Z/rZ = 23Z/rZ = m7 = r(a6)
a7 = (2n− 3)Z/rZ = 52Z/rZ ⊂ m2 = r(a7)
See also Example 2.50.
r = l.c.m.(ai) = 11 · 13 · 17 · 19 · 23 · 25 · 27.
Z
×
28 = {1, ai | 1 < ai < 28 = 2
2 · 7, g.c.d.(28, ai) = 1}.
Maximal ideals in Zr :
{mi} = {
3Z
rZ
, 5Z
rZ
, 11Z
rZ
, 13Z
rZ
, 17Z
rZ
, 19Z
rZ
, 23Z
rZ
}.
In order to conclude this proof, i.e., to assure that in the set {ai} are also included
maximal ideals of the type m = bZ/rZ ⊂ Zr, the following lemma give the definite
answer.
Lemma 2.43 (Goldbach bordism and Goldbach couples). • For n = 1, 2, 3, one
has {ai} = ∅.
•When the following conditions occur:
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(i) n 6= prime;
(ii) 2n− 1 6= prime;
(iii) n > 3;
the set of ideals {ai} contains a maximal ideal of Zr at least.
• For any n > 3, all Goldbach couples, other eventual trivial and Noether-Goldbach
ones, can be identified by means of maximal ideals occuring in {ai}.
Proof. • For n = 1, 2, 3, one has {ai} = ∅, since the only Goldbach couples are
trivial and Noether-Goldbach ones. (See Example 2.45, Example 2.46 and Example
2.47.)
• Let us consider the natural embeddings Z → R → R2, n 7→ n 7→ (n, 0). Then
we say that a couple of points a, b ∈ R2 are 2n-Goldbach bording if there exists a
smooth curve γ : [0, 1] → R2 such that γ(0) = a, γ(1) = b and γ intersects the
segment [γ(0), γ(1)] ⊂ R, contained in the straight-line R ⊂ R2, identified by the
two points a, b ∈ R2, into a couple of integers a¯, b¯ ⊂ Z ⊂ R, such that (a¯, b¯) is a
Goldbach couple with respect to an even integer 2n, up to diffeomorphisms of R2.
In particular (a¯, b¯) can be also a trivial Goldbach couple, i.e., (a¯, a¯), with a¯ = n
prime. Let us denote by 2nΩGB the 2n-Goldbach bordism group. Let us prove that
2nΩGB = Z2, i.e., any two points in R
2 are 2n-Goldbach bording, for n ≥ 1. We
shall use the following Lemma.
Lemma 2.44. The unoriented 0-bordism group of R2, is Ω0(R
2) ∼= Z2. Further-
more, any diffeomorphism f : R2 → R2 induces an isomorphism f∗ : Ω0(R
2) ∼=
Ω0(R
2).
Proof. In fact, one has
Ω0(R
2) ∼= H0(R
2;Z2)
⊗
Z2
Ω0 ∼= Z2
⊗
Z2
Z2 ∼= Z2.
Ω0 denotes the unoriented 0-bordism group.
28 Furthermore, for any diffeomorphism
f : R2 → R2, we get the induced homomorphism f∗ : Ω0(R
2) → Ω0(f(R
2)), given
by f∗ : [a] 7→ [f(a)]. On the other hand
Ω0(f(R
2)) ∼= H0(f(R
2);Z2)
⊗
Z2
Ω0 ∼= H0(R
2;Z2)
⊗
Z2
Z2 ∼= Ω0(R
2).

In the short exact sequence (25) is reported the relation between 2ΩGB and non-
oriented 0-bordism in R2.
(25) 0 // ker(2b) // 2ΩGB
2b // Ω0(R2) ∼= Z2 // 0
In fact, given two points a = (x1, y1), b = (x2, y2) ∈ R
2, we can assume that they
are on the x-axis and by a further transformation to assume that a = (0, 0) and
b = (2, 0). Then the curve y = sin(xˆ) with xˆ = x/π, passes for xˆ = 0 for a
and for xˆ = 2 for b and has a further zero at xˆ = 1. This identifies the trivial
Goldbach couple (1, 1) for the even number 2n = 2. Therefore the two points a
and b are 2-Goldbach bording. Since these are arbitrary points in R2, it follows
that ker(2b) = 0, hence 2ΩGB ∼= Ω0(R
2). This conclusion can be generalized to
any even number 2n. In fact one can consider the mapping 2nf : x 7→ xˆ = x/nπ,
28For details on the (co)bordism group theory see, e.g., Refs. [1, 10, 14, 18, 19, 20, 22, 23, 24].
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that transforms the interval [0, 2nπ] into [0, 2] and the points a = 0 and b = 2nπ
into the points xˆ = 0 and xˆ = 2 respectively. Furthermore the point x = πn is
transformed into xˆ = 1. Then the curve y = sin(xˆ) realizes again the 2-Goldbach
bordism. On the other hand one has the induced homomorphism 2nΩGB →
2ΩGB
on the Goldbach bordism groups. More precisely one has the exact commutative
diagram (26).29
(26) 0 0
0 // 2ΩGB
OO
2b // Ω0(R2) ∼= Z2
OO
// 0
0 // 2nΩGB
2nf∗
OO
2nb // Ω0(R2) ∼= Z2
2nf∗
OO
// 0
0
OO
0
OO
The homomorphism 2nf∗ :
2nΩGB →
2ΩGB is an isomorphism for construction
and the homomorphism 2nb : 2nΩGB → Ω0(R
2) is also an isomorphism since
2ΩGB ∼= Ω0(R
2)
2nf∗
∼= Ω0(R
2) are isomorphisms. Therefore, one has the isomor-
phism 2nΩGB ∼= Z2. The identification of all Goldbach bordism groups
2nΩGB,
n > 1, with 2ΩGB, it could erroneously focus the importance of the Goldbach split-
ting 2 = 1 + 1. In fact, one can also choice 2m, with m = 2, 3, 4, . . . , where one
can easily calculate 2mΩGB and see that
2mΩGB ∼= Z2, for some m > 1, and m
prime. Then, we can prove that 2(m+r)ΩGB ∼= Z2, r > 0, too. In fact, since the
2(m+ r)-Goldbach bordism group is determined up to diffeomorphisms of R2, we
can deform the curve y = sin(xˆ), xˆ ∈ [0, 2(m+ r)] ⊂ R, into a curve on the interval
[0, 2m] ⊂ R, that intersects the x-axis at the integer m. Since m is assumed prime,
it follows that (m,m) is the trivial Goldbach couple for 2m. This is equivalent to
say that 2(m+r)ΩGB is isomorphic to
2mΩGB ∼= Z2. The situation is resumed in the
commutative diagram (27), where m > 1, prime and r > 0.
(27)
2(m+r)ΩGB
≀
∼
· · ·
∼ 2mΩGB
≀
∼
· · ·
∼ 6ΩGB
≀
∼ 4ΩGB
≀
∼ 2ΩGB
≀
Z2 · · · Z2 · · · Z2 Z2 Z2
The existence of the group 2nΩGB ∼= Z2 proves that for any fixed 2n there exists
at least a Goldbach couple. Then, as a by product, we get that in the set of ideals
29Warn ! A priori we cannot know the structure of the 2n-Goldbach bordism group, but
the mapping 2nf allows us to relate it to the 2-Goldbach bordism group. In fact, the mapping
2nf : R2 → R2 is a diffeomorphism, since it is represented by the functions (2nf1, 2nf2) : (x, y) =
(x1, x2) 7→ (xˆ = x
pin
, y). The corresponding jacobian matrix is (∂xk.
2nfj) =
(
1/πn 0
0 1
)
with
det(∂xk.
2nfj) = 1/πn 6= 0. Thus we can consider the inverse diffeomorphism 2nf−1 : R2 → R2
and we necessarily get 2nΩGB ∼=
2nf−1∗ (
2ΩGB).
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{ai}, and under the above conditions (i)-(ii)-(iii), there exists a maximal ideal at
least, m = bZ/rZ, with b = 2n − bi prime and bi a prime of the interval ]1, 2n[⊂
N identifying a strong generator in Z2n. In fact, under conditions (i)-(ii)-(iii), a
Goldbach couple cannot be a trivial one and neither a Noether-Goldbach couple.
Furthermore, since we have assumed n > 3, {ai} cannot be empty. The remaining
of the lemma directly follows from above results and previous lemmas. 
In order to avoid any possible confusion, let us apply the proof to some significative
examples.
Example 2.45 ( 2n = 2 ). In this case there exists the canonical Noether-Goldbach
couple (1, 2n− 1) = (1, 1). This is a trivial Goldbach couple, since n = 1 is prime.
The set of ideals {ai} = ∅.
Example 2.46 ( 2n = 4 ). In this case the only Goldbach couples are the canonical
Noether-Goldbach couple (1, 2n− 1) = (1, 3), and the trivial Goldbach couple (2, 2)
since n = 2 is prime. The set of ideals {ai} = ∅.
Example 2.47 ( 2n = 6 ). In this case there exists the canonical Noether-Goldbach
couple (1, 2n−1) = (1, 5). Since n = 3 is prime there exists also the trivial Goldbach
couple (3, 3). Then {ai} = ∅. Do not exist other Goldbach couples.
Example 2.48 ( 2n = 8 ). In this case there exists the canonical Noether-Goldbach
couple (1, 2n− 1) = (1, 7). Instead does not exist the trivial Goldbach couple since
n = 4 is even. r = l.c.m.(3, 5) = 15.
{ai} = {
(2n− 5)Z
15Z
,
(2n− 3)Z
15Z
} = {
3Z
15Z
,
5Z
15Z
}.
The set of maximal ideals is
{mi} = {m1 =
3Z
15Z
,m2 =
5Z
15Z
},
to which corresponds the same Goldbach couple (3, 5). By summarizing, the Gold-
bach couples in Z8 are (1, 7) and (3, 5).
Example 2.49 ( 2n = 10 ). In this case does not exist the canonical Noether-
Goldbach couple, since 2n−1 = 9 is not a prime number, but there exists the trivial
Goldbach couple (5, 5), since n is prime. r = l.c.m.(3, 7) = 21.
{ai} = {
(2n− 7)Z
21Z
,
(2n− 3)Z
21Z
} = {
3Z
21Z
,
7Z
21Z
}.
The set of maximal ideals is
{mi} = {m1 =
3Z
21Z
,m2 =
7Z
21Z
}.
To m1 and m2 corresponds the same Goldbach couple (3, 7). By summarizing the
Goldbach couple in Z10 is (3, 7). To this must be added the trivial Goldbach couple
(5, 5) that does not come from units in Z10.
Example 2.50 ( 2n = 28 ). In this case there does not exist a canonical Noether-
Goldbach couple, since 2n− 1 = 27 is not a prime number, and neither does there
exist a trivial Goldbach couple, since n = 14 is not prime.
r = l.c.m.(3, 5, 9, 11, 13, 15, 17, 19, 23, 25, 27) = 11·13·17·19·23·25·27 = 717084225.
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

{ai} = {
(2n−23)Z
rZ
, (2n−19)Z
rZ
, (2n−17)Z
rZ
, (2n−13)Z
rZ
, (2n−11)Z
rZ
, (2n−5)Z
rZ
, (2n−3)Z
rZ
}
= { 5Z
rZ
, 9Z
rZ
, 11Z
rZ
, 15Z
rZ
, 17Z
rZ
, 23Z
rZ
, 25Z
rZ
}.
The set of maximal ideals of Zr, belonging to the set {ai} is the following:
30
{mi} = {m2 =
5Z
rZ
,m3 =
11Z
rZ
,m5 =
17Z
rZ
,m7 =
23Z
rZ
}.
To m2 and m7 corresponds the same Goldbach couple (5, 23) and to m3 and m5 there
corresponds the Goldbach couple (11, 17).
In conclusion, in the ring Z2n there exists a canonical Goldbach couple, and this
can be found by means of the criterion in Tab. 1. The same criterion allows us to
find also all the other Goldbach couples. Therefore, the proof of the Theorem 2.20
is done ! 
After Theorem 2.20 we have the following corollaries.
Corollary 2.51 (Goldbach Conjecture). Any even integer 2n, n ≥ 1, can be split
into the sum of two primes p1 and p2: 2n = p1 + p2.
31
Corollary 2.52 (Restricted Goldbach Conjecture). Any even integer 2n, n > 1,
can be split into the sum of two primes p1 and p2: 2n = p1 + p2.
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Corollary 2.53 (Criterion to find the Goldbach couples for any fixed 2n, n ≥ 1).
The following steps give us a criterion to find all the Goldbach couples for any fixed
integer 2n, n ≥ 1.
1) If n is prime there exists the trivial Goldbach couple (n, n).
2) If 2n− 1 is prime there exists the Noether-Goldbach couple (1, 2n− 1).
3) If n > 3 all the other possible Goldbach couples are identified by means of maximal
ideals of Zr belonging to the set {ai}.
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3. Applications
In this section we give some applications interesting the classical Euclidean geome-
try and the quantum algebra in the sense introduced by A. Pra´staro. (See [15, 16]
and related Pra´staro’s works quoted therein.)
Proposition 3.1 (Goldbach triangle). In a circle Γ of radius n ∈ N, there exists
an inscribed right triangle ABC, with hypothenus AB passing for the centre O of
30Compare with Tab. 6.
31Let us emphasize that n can be any integer ≥ 1. In fact, if n is a prime number, it is trivial
that 2n is the sum of two primes: 2n = n+ n.
32Let us underline that the GC in its original form considers 1 as a prime number ! More
recently, a restricted version of GC, (say RGC), has been proposed by assuming the restricted
prime numbers set P • = P \ {1} only, and even numbers 2n, with n > 1. With this respect, let
us emphasize that our proof of the GC can be adapted also to prove the RGC. In fact, this is the
GC with the additional restriction that the Noether-Goldbach couples cannot be considered as
acceptable solutions. However, Noether-Goldbach couples are found simply by looking to the fact
if 2n−1 are primes or not. So, identified at the beginning, in the process of the criterion of Tab. 1.
Really, this criterion becomes interesting just when do not exist the canonical Noether-Goldbach
couples. In fact, the maximal ideal m = bZ/rZ considered in the proof of the GC, associated to
the set of ideals ai = (2n− bi)Z/rZ ⊂ Zr , necessarily has b 6= 1.
33Here the meaning of symbols are the ones just considered in Lemma 2.43.
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Γ, such that the projection H of the vertex C on AB, divides AB into two segments
AH and HB of length respectively p1 and p2, prime numbers.
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In the following we give an application of the GC to the quantum algebra, in the
sense of A. Pra´staro [16].
Theorem 3.2 (Quantum algebraic interpretation of the Goldbach conjecture).
• Let A be a quantum algebra in the sense of A. Pra´staro, then there exists the
canonical homomorphism (28), (quantum-Goldbach-homomorphism).
(28)
{
g∗ : 2Z
⊗
Z
A→ Z2
⊗
Z
A
⊕
Z2
⊗
Z
A
g∗(2n⊗ a) = ([p1]⊗ a, [p2]⊗ a) ∈ (1 ⊗ a, 1⊗ a)
where (p1, p2) is the Goldbach couple identified by the criterion reported in Tab. 1
and codified by Theorem 2.20. We call 2Z
⊗
Z
A the (additive) group of quantum
extended even-numbers. Furthermore one has the commutative diagram (29), with
exact vertical line.
(29) 0

2Z
⊗
Z
A
b
g∗uu❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧
Z2
⊗
Z
A
⊕
Z2
⊗
Z
A
+
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
Z
⊗
Z
A ∼= A
c

Z2
⊗
Z
A

0
One has the canonical isomorphisms reported in (30).
(30)
{
im(b) ∼= 2Z
⊗
Z
A ∼= ker(c)
im(c) ∼= Z
⊗
Z
A/2Z
⊗
Z
A ∼= Z2
⊗
Z
A
•The quantum-Goldbach-homomorphism gives a relation between number theory,
crystallographic groups and integral bordism groups of PDEs and quantum PDEs.
34For details on this geometric interpretation of the GC see [12], where it is emphasized the
equivalence of the GC and the solution of the following Diophantine equation: n2 = a2+b2, where
n, a and b are three integers such that a = p1 p2 and 2b = p2−p1, with p1 and p2, prime numbers.
This relates the GC to a Fermat like theorem. Let us recall that in 1900, David Hilbert proposed
the solvability of all Diophantine problems as the tenth of his celebrated problems. However, after
70 years has been published a result in mathematical logic that in general Diophantine problems
are unsolvable. (Matiyasevich’s theorem [11].) Therefore, this proof of the Goldbach’s conjecture
is also an encouragement for mathematicians to solve problems, even if their solutions could have
fat chance according to some general statement in mathematical logic ! (See also [8] for general
information on Diophantine equations and [21] for the undecibility of these equations.)
Warn! Since the proof of the GC (or RGC) given in this paper, is obtained by methods of
the Commutative Algebra and Algebraic Topology, one could consider yet this conjecture as an
example of the Go¨del’s incompleteness theorem. In other words, the GC (or RGC) is a true
proposition in Arithmetic, but not provable in Arithmetic. The criterion in Tab. 1 works well in
Arithmetic, but its proof is beyond Arithmetic.
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Proof. Let us first consider the following free resolution of the Z-module Z2:
0 // Z
2 // Z // Z2 // 0
By tensoring this sequence with a quantum algebra A, considered as a Z-module
by means of the embeddings Z → K → A, where K = R, or K = C, we get the
exact sequence (31).
(31)
0 // TorZ(A;Z) // TorZ(A;Z) // TorZ(A;Z2) // A
⊗
Z
Z // A
⊗
Z
Z // A
⊗
Z
Z2 // 0
0 // 0 // 0 // TorZ(A;Z2) // A
2 // A // A
⊗
Z
Z2 // 0
From the bottom horizontal line, we can calculate TorZ(A;Z2) = ker( A
2 // A ).
Since A is a K-vector space, it follows that ker( A
2 // A ) = {0}. Similarly, by
working with the following free resolution of Z-module Z2:
0 // 2Z // Z // Z2 // 0
we get the vertical exact sequence in (29). This is connected with the quantum-
Goldbach-homomorphism. In fact, we have + ◦ g∗ = c ◦ b. Then the isomorphisms
reported in (30) are directly obtained from standard algebraic considerations on
the vertical exact sequence in (29).
Finally the quantum Goldbach homomorphism allows us to represent the group of
quantum extended even-numbers into a quantum extension of the crystallographic
group p4m = Z2 ⋊ D4. In fact, D4 = Z2 × Z2 is the point group of p4m. On
the other hand Z2
⊕
Z2 can be interpreted also as integral bordism groups of some
PDEs. (See [15, 16] and some Pra´staro’s works, quoted therein on the relation
between integral bordism groups of PDEs and quantum PDEs and crystallographic
groups.) 
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Abstract. Three of the well known four Landau’s problems are solved in this
paper. (In [8] the proof of the Goldbach’s conjecture has been already given.)
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1. Introduction
This is the second part of a work devoted to the four problems in Number The-
ory, called Landau’s problems, listed by Edmund Landau at the 1912 International
Congress of Mathematicians. These problems are the following. 1. Goldbach’s
conjecture. 2. Twin prime conjecture. 3. Legendre’s conjecture. 4. Are there
infinitely many primes p such that p− 1 is a perfect square ? In [8] the proof of the
Goldbach’s conjecture has been already given. In this paper we show that by uti-
lizing some algebraic topologic methods introduced in [8], some Landau’s problems
can be proved too. Furthermore, for the above fourth Landau’s problem a Euler-
Riemann zeta function estimate is given and settled the problem negatively by
evaluating the cardinality of the set of solutions of a suitable Diophantine equation
of Ramanujan-Nagell-Lebesgue type.
2. The twin prime conjecture proved
In this section we shall prove that the twin conjecture is true, as a particular case
of the more general de Polignac’s conjecture. This has been possible thanks to our
proof of the Goldbach’s conjecture given in [8].1
Definition 2.1. A twin prime is a prime number p that differs from another prime
number q by two: p− q = 2.
1For complementary information on (co)bordism group theory and Diophantine equations see,
e.g., [1, 4, 12, 13, 14, 15].
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Conjecture 2.2. The twin prime conjecture states that there are many primes q
such that q + 2 is prime too.
Conjecture 2.3 (de Polignac’s conjecture (1849)). For every natural number n ∈
N, there are infinitely many prime pairs p and q such that p− q = 2n.
(For the case n = 1 the de Polignac’s conjecture reduces to the twin conjecture.)
In the following we list some well-known theorems about twin conjecture and de
Polignac’s conjecture. (For details see, e.g., wikipedia/Twin-prime-conjecture
and references quoted therein.)
Proposition 2.4 (Brun’s theorem (1915)). The sum of reciprocals of the twin
primes is convergent. More precisely the number of twin primes less than N does
not exceed CN/(lgN)2, for some absolute constant C > 0.
Proposition 2.5 (Some estimates). (1) (Paul Erdo¨s (1940)) There is a constant
c < 1 and infinitely many primes p such that (q− p) < (c ln p), where q denotes the
next prime after p.
(2) (Helmut Maier (1986)) The constant c < 0.25.
(3) (Daniel Goldston and Cem Yidmm (2004)) The constant c = 0.085786.
(4) (Daniel Goldston, Ja´nos Pintz and Cem Yidmm (2005)) The constant can be
chosen to be arbitrarily small, i.e. lim
n→∞
inf pn+1−pnlg pn = 0.
Definition 2.6. An isolated prime is a prime number p such that neither p− 2 or
p+ 2 is prime.
Example 2.7. The first isolated primes is listed in the following:
2, 23, 37, 47, 53, 67, 79, 83, 89, 97, ...
Theorem 2.8 (The pre-Polignac’s conjecture proved). For every even positive
integer 2n, n ≥ 1, we can find a prime 0 < q < 2n and a prime p > 2n such that
p− q = 2n.
Proof. Let us consider the following lemmas.
Lemma 2.9. If p and q are two primes that satisfy conditions in Theorem 2.8,
then q cannot divide 2n.
Proof. In fact, if q divides 2n, then p = 2n+ q = q¯ q + q = q(q¯ + 1), hence p could
not be prime. 
Lemma 2.10. Under the same hypotheses of Lemma 2.9, q identifies a strong
generator of Z2n, i.e., q ∈ Z2n ⊂ Z×2n ⊂ Z2n. (We use the same notation introduced
in [8] and, for abuse of notation, we denote by q yet its projection on Z2n, by means
of the canonical epimorphism π : Z→ Z2n.)
Proof. It follows directly from Lemma 2.9. 
Let us, now, prove that in the set [0, 2n] there exists at least one prime q such that
2n+ q is prime too. For this we shall follows a strategy similar to one used in [8]
to analogous situations.
Definition 2.11 (de Polignac couples). We define 2n-de Polignac couple a pair of
positive primes (p, q) such that p− q = 2n.
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Definition 2.12 (de Polignac bordism). We say that two points a, b ∈ R2, are
2n-de Polignac bording, if there exists a smooth curve γ : [0, 1] → R2, such that
γ(0) = a, γ(1) = b and γ intersects the line ab into a 2n-Polignac couple up to
diffeomorphisms of R2. Let us denote by 2nΩdeP the corresponding bordism group
that we call 2n-de Polignac bordism group.
Lemma 2.13. One has the canonical isomorphism 2nΩdeP ∼= Z2.
Proof. Let us consider first the case 2n = 2, i.e., n = 1. In such a case we can
consider that any couple of points a, b ∈ R2, can be identified respectively with
the points (0, 0) ∈ R2 and (4, 0) ∈ R2. Then the curve y = sin(xˆ), taken over the
interval xˆ = x
pi
∈ [0, 4], intersects the xˆ − axis in all the integers between 0 and 4.
In particular the points 1 and 3 are a 2-de Polignac couple, since 3− 1 = 2.2
Let us generalize this situation to any 2n, n > 1. Then we can consider the curve
y = sin(xˆ), in the interval [0, 2n · 2] = [0, 4n]. We claim that in such interval there
are two prime numbers q ∈ [0, 2n] and p ∈ [2n, 4n], such that p− q = 2n. In fact,
since the curve y = sin(xˆ), intersects the xˆ-axis in all the integers between 0 and
4n, it follows that there exists a 2n-de Polignac couple if 2nΩdeP can be identified
with 2ΩdeP by means of a suitable diffeomorphism of R
2. This diffeomorphism is
the following: f : (xˆ, y) 7→ ( xˆ
n
, y). In fact by means of such a diffeomorphism the
interval [0, 4n] is transformed into [0, 4] and the curve y = sin(xˆ) is deformed in
the curve y = sin( xˆ
n
). This last intersects the interval [0, 4] into the 2-de Polignac
couple (1, 3). Therefore the curve y = sin(xˆ) must necessarily intersect [0, 4n] into
a 2n-de Polignac couple, since we get the bijection 2nΩdeP ∼= 2ΩdeP ∼= Z2.3 
In this way the proof of the theorem is done. 
Theorem 2.14 (The de Polignac’s conjecture proved). The de Polignac conjecture
is true.
Proof. After Theorem 2.8 it is enough to prove that for any fixed 2n, we can
further find 2n-de Polignac couples by extending the process followed in the proof
of Theorem 2.8, i.e., by considering the curve y = sin(xˆ) on the interval [0, 2n.2m],
m > 2. In fact we can deform such a curve into one on the interval [0, 2n · 2m−1],
by considering the diffeomorphism f : R2 → R2, (xˆ, y) 7→ ( xˆ2 , y). By starting
with n = 2 we can prove that there exists the 2n-de Polignac couple (p, q) with
q ∈ [0, 2n · 2] and p ∈ [2n · 2, 2n · 22], just considering the process illustrated in
the proof of Theorem 2.8. Then by iterating on m we can find new 2n-de Polignac
couples. Thus for any 2n the set of 2n-de Polignac couples is necessarily infinite. 
Example 2.15. In Tab. 1 are reported some examples of 2n-de Polignac couples
(p, q), q ∈ [0, 2n · 2m], m ≥ 1, found in correspondence of some increasing values of
n and m.
2 Warn ! In this paper, we consider the integer 1 as prime. However, our proof works well also
considering 2 as the first prime. In such a case, it is enough to start the proof by considering the
function y = sin(xˆ) on the interval [0, 8], (instead than [0, 4]), in order to prove that 2ΩdeP ∼= Z2.
3 Warn ! Here the proof has been made considering 1 as prime. However, as just emphasized
in the previous note, we can consider 2 as the first prime. Then the proof works by considering
the function y = sin(xˆ) on the interval [0, 8n] (instead that [0, 4n]). In this way we can relate the
bordism group 2nΩdeP with
2ΩdeP , by deforming the function y = sin(xˆ) on the interval [0, 8],
by means the same deformation used above. Then this deformed curve passes for the two couples
of points {3, 5} and {5, 7} that are 2-de Polignac couples.
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Table 1. Examples of 2n-de Polignac couples (p, q) with q ∈
[0, 2n · 2m], 1 ≤ n ≤ 5, n = 10 and 1 ≤ m ≤ 4.
n 2n m = 1 m = 2 m = 3 m = 4
1 2 (1, 3) (3, 5), (5, 7) (11, 13) (17, 19), (29, 31)
2 4 (3, 7) (7, 11) (13, 17), (19, 23) (43, 47), (37, 41)
3 6 (1, 7), (5, 11) (17, 23), (13, 19), (11, 17), (7, 13) (41, 47), (37, 43), (31, 37), (23, 29) (83, 89), (73, 79), (61, 67), (53, 59), (47, 53)
4 8 (3, 11), (5, 13) (11, 19), (23, 31) (29, 37), (53, 61) (101, 109), (89, 97), (71, 79), (59, 67)
5 10 (1, 11), (3, 13), (7, 17) (19, 29), (13, 23) (61, 71), (43, 53), (37, 47) (139, 149), (127, 137)
(103, 113), (79, 89), (73, 83)
10 20 (3, 23), (11, 31), (17, 37) (41, 61), (47, 67), 53, 73), 59, 79) (83, 103), (107, 127), (131, 151), (137, 157) (173, 193), (191, 211), (251, 271)
(257, 277), (263, 283), (293, 313)
The 2n-case with n = 1 corresponds to the twin conjecture.
Infinite 2n-de Polignac couples are obtained since we can take any integer m ≥ 1.
For n = 10 we can see that continuing on m > 4, there is also the 20-de Polignac couple (317, 337), where 317 ∈ [0, 320], considered for 1 ≤ m ≤ 4.
Warn ! In this paper we consider 1 as prime. However our proof works well also by considering 2 as the first prime. (See footnotes at page 3 and 3.)
Corollary 2.16 (The twin conjecture proved). The twin conjecture is true.
3. The Legendre’s conjecture proved
In this section we shall prove that the Legendre’s conjecture is true. The method
utilized follows the same line adopted to prove the Goldbach’s conjecture in [8].
Conjecture 3.1. Legendre’s conjecture, proposed by Adrien-Marie Legendre, states
that there is a prime number between n2 and (n+ 1)2 for every positive integer n.
In this section we shall prove the Conjecture 3.1, i.e., we have the following theorem.
Theorem 3.2 (The Legendre’s conjecture). There is a prime number between n2
and (n+ 1)2, for any positive integer n.
Proof. Let us, first, remark that if there exists a prime between n2+1 and (n+1)2,
there exists in advance a prime between n2 and (n+1)2, hence in order to prove the
Legendre conjecture, it is enough to prove that there exists a prime between n2+1
and (n+1)2. Let us emphasize that (n+1)2− (n2+1) = 2n. Now, from our proof
of the Goldbach conjecture in [8], we get that there exists at least a prime in [0, 2n].
With this respect, let us say that two points a, b ∈ R2 are n-Legendre bording if
there exists a smooth curve γ : [0, 1] → R2, such that γ(0) = a, γ(1) = b and this
curve intersects the line ab into a prime p contained between n2 and (n + 1)2, up
to diffeomorphisms of R2. We shall utilize the following lemma.
Lemma 3.3. Two generic points a, b ∈ R2 can be identified respectively with the
points n2 + 1 and (n+ 1)2 of the x-axis, by means suitable diffeomorphisms of R2.
Proof. In fact, by means of an affine rigid transformation of f1 : R
2 → R2, identified
by an affine transformation of coordinates (x, y) = (xi) 7→ (x˜i = Aikxk+ui), we can
identify the point (n2+1) = (n2+1, 0) with a, (hence the point (n+1)2 = ((n+1)2, 0)
into a point of the line ab). This affine transformation includes also a translation
in the direction ab sending in a the origin of the x˜i-coordinates. Therefore in such
a set of coordinates (x˜i), one has the following identification: a = (0, 0) = (n2+1),
((n+1)2) = (2n, 0) and b = (b¯, 0), where b¯ denotes the Euclidean canonical distance
of b from a, that after the affine rigid transformation f1 is conserved. The next
diffeomorphism ofR2 is a contraction f2 sending the point b onto the point ((n+1)
2).
f2(x˜
1, x˜2) = (x¯1, x¯2), with x¯1 = x˜1.γ, γ = 2n
b¯
. Therefore in x¯k-coordinates a and
b have the coordinates (0, 0) and (2n, 0) respectively. In this way the distance
between a and b is the even integer 2n, characterizing the original distance between
(n2 + 1) and ((n+ 1)2). 
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Table 2. Examples of primes p ∈ [n2, (n+ 1)2].
n n2 (n+ 1)2 prime p ∈ [n2, (n+ 1)2]
1 1 4 1, 2, 3
2 4 9 5, 7
3 9 16 11, 13
4 16 25 17, 19, 23
5 25 36 29, 31
6 36 49 37, 41, 43, 47
7 49 64 53, 59, 61
8 64 81 67, 71, 73, 79
9 81 100 83, 89, 97
10 100 121 101, 103, 107, 109, 113
Warn ! In this paper we consider 1 as prime.
However our proof works well also by considering 2 as the first prime. (See footnote at page 5).
Since by Lemma 3.3 we can transform, by suitable diffeomorphisms of R2, (n2+1)
into a and (n+1)2 into b, it follows the curve y¯ = sin(xˆ) with xˆ = x¯/π, considered
over the interval [a, b], identified with [0, 2n], intersects such interval in at least
one primes. This follows from our proof of the Goldbach conjecture [8]. As a
by product there exists a prime between n2 and (n + 1)2. In other words the
n-Legendre bordism group nΩLeg of R
2 can be identified with Z2, i.e., one has
the isomorphism nΩLeg ∼= Z2. This can be seen also step by step, considering
nΩLeg for n = 2, 3, 4, · · · , where it is easy to calculate this type of bordism group.
For example from Tab. 2 we can see that 1ΩLeg ∼= Z2 since any couple of points
a, b ∈ R2 can be identified with (n2+1 = 2) and ((n+1)2 = 4) respectively, distance
2. The interval [2, 4] can be deformed into [0, 2], on the which we can consider the
curve y = sin(xˆ), that intersects the xˆ-axis at the prime xˆ = 1. Therefore in the
[2, 4] there exists a prime too. In fact there is the prime 3 ∈ [2, 4]. As a by product
there is also a prime in the interval [1, 4]: this is 3 (other than 2). Next, by passing
to the case n = 2, we can identify a, b ∈ R2 with (n2 + 1 = 5) and ((n + 1)2 = 9)
respectively, distance 4. The interval [5, 9] can be deformed into [0, 4], on the which
we can consider the curve y = sin(xˆ), that intersects the xˆ-axis at the prime xˆ = 2
and xˆ = 3. Therefore in the [5, 9] there exists a prime too. In fact there is the
prime 7 ∈ [5, 9]. As a by product there is also a prime in the interval [4, 9]: this is
3 (other than 5 and 7). Iterating this process on n, we can get the commutative
diagram (1).4
(1) nΩLeg
≀
∼ · · · ∼ 3ΩLeg
≀
∼ 2ΩLeg
≀
∼ 1ΩLeg
≀
Z2 · · · Z2 Z2 Z2

Example 3.4. In Tab. 2 are reported some examples of primes p ∈ [n2, (n+ 1)2].
4Warn ! Even if in this paper we consider 1 as prime, the proof of the Goldbach conjecture
proved in ([8]), works well also considering 2 as the first prime. With this respect, we can state that
our proof of the Legendre’s conjecture is true also by omitting 1 in the set of primes. (Compare
with results reported in Tab. 2.)
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Theorem 3.2 can be reformulated in terms of triangle numbers.
Definition 3.5. One defines triangle numbers the following ones
Tn =
∑
1≤k≤n
k = 1 + 2 + 3 + · · ·+ n = n(n+ 1)
2
=
(
n+ 1
n
)
, n ≥ 1.
Lemma 3.6 (Properties of triangle numbers). One has the following properties:
(a) Ta+b = Ta + Tb + a · b;
(b) Ta·b = Ta · Tb + Ta−1 · Tb−1;
(c) Tn + Tn−1 = (Tn − Tn−1)2 = n2;5
(d) (Gauss’s Eureka result)(1796) Any number n ∈ N can be written as a sum of at
most three triangular numbers.6
(e) (Triangle numbers and Bernoulli’s numbers) Tn =
1
2 (B0 n
2 + 2B1 n
1) = S1(n),
with the following Bernoulli numbers B0 = 1 and B1 =
1
2 and Sm(n) =
∑
1≤k≤m k
m,
given by the Bernoulli’s formula
Sm(n) =
1
m+ 1
∑
0≤k≤m
(
m+ 1
k
)
Bk n
m+1−k.
(f) (Triangle numbers that are also square) The following recurrence relation gives
a non-exhaustive generation of triangular numbers that are also square:
S(n+ 1) = 4 · S(n) · [8 · S(n) + 1], S(1) = 1.
Theorem 3.7 (Legendre conjecture and triangle numbers). Between Tn−1 + Tn
and Tn + Tn+1 there is a prime p ∈ P .
Proof. In fact, Tn−1+Tn = n
2 and Tn+Tn+1 = (n+1)
2, hence from Theorem 3.2
it follows soon the proof. 
4. On the set of ghost right-triangles and parabolic primes
In this section we shall consider the set P of all primes p ∈ P such that p − 1
is a perfect square. We identify P with a set of particular right-triangles, that
we call ghost right-triangles. A goal is a characterization of P by means of the
Euler-Riemann zeta function, ζ, that offers good chances in order to consider P
an infinite set. Furthermore it is proved that ♯(P) < ℵ0 as set of solutions of
a suitable Diophantine equation. Therefore, the main result of this section is the
solution of the fourth Landau’s problem answering in the negative to the question
there contained.
Let us start with some metric characterizations of N2.
Proposition 4.1 (The discrete metric spaces Z2 and N2). Z2 endowed with the
induced metric topology of R2, by means of the inclusion Z2 →֒ R2, is a dis-
crete metric topologic space. There is the Euclidean metric d : Z2 → R, given
by d((a, b), (a¯, b¯)) =
√
(a¯− a)2 + (b¯− b)2 ∈ R. This topology restricted to N2 ⊂ Z2,
induces an analogous metric topology on N2.
5Note that we can also write n2 =
∑
1≤k≤n(2k− 1). In fact Tn + Tn−1 is equal to the sum of
all the first n odd numbers.
6For example n2 + 1 = Tn + Tn−1 + T1, as it results from Lemma 3.6(c) and from the fact
that T1 = 1.
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Definition 4.2. We call metric-regular line a line γ ⊂ R2 bording two points
A, B ∈ N2 if its length in the Euclidean metric of R2, is an integer: dγ(A,B) ∈ N.
Definition 4.3. We call ghost line a line γ ⊂ R2 bording two points A, B ∈ N2 if
its length in the Euclidean metric of R2, is not an integer: dγ(A,B) 6∈ N.
Example 4.4. Let us recall that a Pythagorean right-triangle is a right-triangle
with integers side-lengths, identified by a Pythagorean triple (a, b, c), such that the
Diophantine equation: a2 + b2 = c2, a, b, c ∈ N. The set of Pythagorean right-
triangles is infinite, since if (a, b, c) is a Pythagorean triple, then also (m · a,m ·
b,m · c) is a Pythagorean triple for any positive integer m ∈ N. In a Pythagorean
right-triangle and in a primitive Pythagorean triangle, two consecutive vertices are
connected by a metric-regular line.7
Example 4.5. Are always metric-regular lines the ones lying on the lattice identi-
fied by N2.
Definition 4.6 (Ghost triangles in N2). We call ghost triangles in N2, triangles
ABC ⊂ R2, having vertexes in N2, such that at least one side is a ghost line.
Definition 4.7 (n-Ghost right-triangles). We call n-ghost right-triangle a right-
triangle ABC, with legs AC = n ∈ N and CB = 1 respectively, such that the
Diophantine equation: n2+1 = p is satisfied with p ∈ P , where P ⊂ N is the subset
of primes. We denote
P = {p ∈ P | p = n2 + 1; n ∈ N} ⊂ P
the set of ghost right-triangles.8
Example 4.8 (Some examples of n-ghost right triangles). It is easy to find nat-
ural numbers n ∈ N satisfying the condition n2 + 1 = p ∈ P . In Tab. 3 are
reported the n-ghost right-triangles with 1 ≤ n ≤ 60. There are reported also, for
1 ≤ n ≤ 40, the primes between consecutive primes p, such that p − 1 is a perfect
square. In order to represent right-triangles in N2, we can adopt the assumption
to draw their hypotenuses by full-lines for Pythagorean triangles and dot-lines for
n-ghost right-triangles. In (2) are represented the Pythagorean triangle (3, 4, 5) and
(6, 8, 10), and the n-ghost right-triangles with n = 6 and n = 10. The hypotenuses
of these last right-triangles have length respectively d((0, 6), (1, 0)) =
√
37 /∈ N,
d((0, 10), (1, 0)) =
√
101 /∈ N, since 37 and 101 are prime. Instead for the hy-
potenuses of the reported Pythagorean triangles one has respectively d((0, 8), (6, 0)) =√
100 = 10 ∈ N and d((0, 4), (3, 0)) = √25 = 5 ∈ N. See figure in the left in (2)
where full-line segments represent integer numbers (i.e., are metric-regular lines)
and dot-line segments do not represent integer numbers (i.e., are ghost lines).
Let us emphasize that the set P can be identified with a discrete subset of the
branch of parabola Γ, of equation y = x2 + 1 in R2, x ≥ 0, when in the positive
x-axis there is embedded N ⊂ R and in the positive y-axis there is embedded the
set of primes P ⊂ R. Then the points belonging to P ⊂ Γ, are identified as
7A primitive Pythagorean triangle is a Pythagorean right-triangle identified by a triple (a, b, c),
where a, b and c are pairwise coprime.
8P = {2, 5, 17, · · · } ⊂ P coincides with the subset of primes p such that p − 1 is a perfect
square. One can also define P• = {n ∈ N |n
2 + 1 = p ∈ P} ⊂ N. This is not a new set, since
P• ↔ P. Therefore, for abuse of notation we shall denote P• with P yet.
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Table 3. n-ghost-right-triangles: 1 ≤ n ≤ 60, n2 + 1 = p ∈ P .
n p = n2 + 1 ()=ghost right-triangle primes between two consecutive ()
1 p = 1 + 1 = 2 ()
3
2 p = 4 + 1 = 5 ()
3 p = 9 + 1 = 10 7, 11, 13
4 p = 16 + 1 = 17 ()
5 p = 25 + 1 = 26 19, 23, 29, 31
6 p = 36 + 1 = 37 ()
7 p = 49 + 1 = 50 41, 43, 47, 53
8 p = 64 + 1 = 65 59, 61, 67, 71
9 p = 81 + 1 = 82 73, 79, 83, 89, 97
10 p = 100 + 1 = 101 ()
11 p = 121 + 1 = 122 103, 107, 109, 113, 127, 131, 137, 139
12 p = 144 + 1 = 145 149, 151, 157, 163, 167, 173
13 p = 169 + 1 = 170 179, 181, 191, 193
14 p = 196 + 1 = 197 ()
15 p = 225 + 1 = 226 199, 211 223, 227, 229, 233, 239, 241, 245
16 p = 256 + 1 = 257 ()
17 p = 289 + 1 = 290 263, 269, 271, 277, 281, 283, 293, 307, 311, 313
18 p = 324 + 1 = 325 317, 331, 337, 347, 349, 353, 359
19 p = 361 + 1 = 362 367, 373, 379, 383, 389, 397
20 p = 400 + 1 = 401 ()
21 p = 441 + 1 = 442 409, 419, 421, 431, 433, 439, 443, 449, 457, 461
22 p = 484 + 1 = 485 463, 467, 479, 487, 491, 499, 503, 509, 521, 523
23 p = 529 + 1 = 530 541, 547, 557, 563, 569, 571
24 p = 576 + 1 = 577 ()
25 p = 625 + 1 = 626 587, 593, 599, 601, 607, 613, 617, 619, 631, 641, 643, 647, 653, 659, 661, 673
26 p = 676 + 1 = 677 ()
27 p = 729 + 1 = 730 683, 691, 701, 709, 719, 727, 733, 739, 739, 743, 751
28 p = 784 + 1 = 785 757, 761, 769, 773, 787, 797, 809, 811, 821, 823
29 p = 841 + 1 = 842 827, 829, 839, 853, 857, 859, 863, 877, 881, 883
30 p = 900 + 1 = 901 887, 907, 911, 919, 929, 937, 941, 947, 953, 967, 971
31 p = 961 + 1 = 962 977, 983, 991, 997, 1009, 1013, 1019, 1021, 1031, 1033
32 p = 1024 + 1 = 1025 1039, 1049, 1051, 1061, 1063, 1069, 1087, 1091, 1093, 1097
33 p = 1089 + 1 = 1090 1103, 1109, 1117, 1123, 1129, 1151, 1153, 1163, 1171, 1181
34 p = 1156 + 1 = 1157 1187, 1193, 1201, 1213, 1217, 1223, 1229, 1231, 1237, 1249
35 p = 1225 + 1 = 1226 1259, 1277, 1279, 1283, 1289, 1291
36 p = 1296 + 1 = 1297 ()
37 p = 1369 + 1 = 1370 1301, 1303, 1307, 1319, 1321, 1327, 1361, 1367, 1373, 1381, 1399, 1409, 1423, 1427,
38 p = 1444 + 1 = 1445 1429, 1433, 1439, 1447, 1451, 1453, 1459, 1471, 1481, 1483, 1487, 1489, 1493, 1499
39 p = 1521 + 1 = 1522 1511, 1523, 1531, 1543, 1549, 1553, 1559, 1567, 1571, 1579, 1583, 1597
40 p = 1600 + 1 = 1601 ()
42 p = 1764 + 1 = 1765
44 p = 1936 + 1 = 1937
46 p = 2116 + 1 = 2117
48 p = 2304 + 1 = 2305
50 p = 2500 + 1 = 2501
52 p = 2704 + 1 = 2705
54 p = 2916 + 1 = 2917 ()
56 p = 3136 + 1 = 3137 ()
58 p = 3364 + 1 = 3365
60 p = 3600 + 1 = 3601
For n ≥ 40 are reported only calculations for even numbers n = 2m, according to Lemma 4.14.
Furthermore for n ≥ 40 are omitted primes non-parabolic prime.
intersection of P -horizontal lines (i.e., horizontal lines starting from the primes on
the y-axis) that meet N-vertical lines, (i.e.,vertical lines starting from the integers
on the x-axis), on the the above parabola Γ. (See figure on the right in (2). P is
identified with the set Γ ⊂ Γ, partially reported therein by some -points on Γ.)
For this reason we shall call the set P also the set of parabolic primes, according
we call parabolic prime a prime p ∈ P.
Proposition 4.9 (n-ghost right-triangles and Pythagorean triangles). • In a n-
ghost right-triangle the legs are metric-regular lines. Instead the hypotenus is a
ghost line.
•A n-ghost right-triangle cannot be a Pythagorean triangle and neither a primitive
Pythagorean triangle.
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Proof. • In fact AC = n, CB = 1 ∈ N. Instead AB = √p 6∈ N.
•A n-ghost right-triangle ABC has the length of the hypotenus AB = q such that
q2 = p ∈ P . But this is impossible since p is prime. A n-ghost right-triangle cannot
be neither a primitive Pythagorean triangle. In fact n cannot divide p. 
(2)
7654012310
b
OO
◦ ◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ ◦ ◦ ◦ ◦
'&%$ !"#8
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
◦ ◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ ◦ ◦ ◦ ◦
'&%$ !"#6 ◦ ◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ ◦ ◦ ◦ ◦
'&%$ !"#4
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
◦ ◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ ◦ ◦ ◦ ◦
'&%$ !"#2 ◦ ◦ ◦ ◦ ◦ ◦
'&%$ !"#1 ◦ ◦ ◦ ◦ ◦ ◦
'&%$ !"#0 '&%$ !"#1 ◦ '&%$ !"#3 ◦ ◦ '&%$ !"#6 a //
P _

ONMLHIJK101
y
OO
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ 
R 7654012397 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012389 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012383 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012379 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012373 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012371 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012367 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012361 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012359 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012353 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012347 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012343 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012341 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
GFED@ABC37 ◦ ◦ ◦ ◦ ◦  ◦ ◦ ◦ ◦
7654012331 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012329 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012323 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012319 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
GFED@ABC17 ◦ ◦ ◦  ◦ ◦ ◦ ◦ ◦ ◦
7654012313 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
7654012311 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
'&%$ !"#7 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
?>=<89:;5 ◦  ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
'&%$ !"#3 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
?>=<89:;2  ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
'&%$ !"#1
DD
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
'&%$ !"#0 ?>=<89:;1 ?>=<89:;2 '&%$ !"#3 ?>=<89:;4 '&%$ !"#5 ?>=<89:;6 '&%$ !"#7 '&%$ !"#8 '&%$ !"#9 GFED@ABC10 x //
N   //R
Remark 4.10. The justification of the Definition 4.3, Definition 4.6 and Definition
4.7 is to ascribe to the fact that for lines, legs and hypotenuses, that are not on
the lattice N2, is not assured that their lengths are integers. Furthermore, when
these lines are not on the lattice, the condition that should be metric-regular lines,
means that they can be isometrically deformed on corresponding lines on the lattice.
Therefore, ghost lines cannot be considered isometrically equivalent to lines on the
lattice. For example by looking to the examples reported in (2), we can see that
the 6-ghost right triangle has hypotenuse of length
√
37 ≈ 6.08276253. Thus this
hypotenuse cannot be isometrically deformed on the lattice, e.g., on the legs, since
their union has length 6 + 1 = 7, namely an integer. Similarly happens for the
10-ghost right triangle where the hypotenuse has length
√
101 ≈ 10.04987562. The
union of its legs has length 10+1 = 11. Therefore one cannot isometrically deform
the hypotenuse on the union of the legs. Instead for the Pythagorean triple (6, 8, 10)
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the hypotenuse has length 10, hence can be isometrically deformed on the union of
the legs that has length 6 + 8 = 14. For example sending the hypotenuse on the leg
of length 8 and continuously the other part of length 2, on the other leg (of length
4). In such a way the line of the hypotenuse remains of length 10, but lies exactly
on the lattice. Similarly for the other Pythagorean triangle (3, 4, 5), one has the
hypotenuse of length 5, that can be isometrically deformed on the union of its legs
that have full length 4 + 3 = 7.
Conjecture 4.11 (Conjecture on the infiniteness of P). There are infinite many
parabolic primes p, or equivalently there are infinite n-ghost right-triangles.
We get the following theorem that gives us a chance to answer in the affirmative to
the Conjecture 4.11.
Theorem 4.12 (Euler-Riemann zeta function estimate of P). One cannot exclude
that P is infinite, since one has the limitation (3).
(3) 1 <
∑
p∈P
1
p− 1 ≤ ζ(2) =
π2
6
where ζ(α) is the Euler-Riemann zeta function. We call Euler-Riemann zeta func-
tion estimate of P the inequality (3).
Proof. Let us try to prove the infiniteness of P by means of the Euler-Riemann zeta
function ζ(α). Really one can consider the series
∑
1≤n≤∞
1
n2
, since each prime p
such that p−1 is a perfect square must be just of the type p−1 = n2. Now, it is well
known that the series
∑
1≤n≤∞
1
n2
is convergent. In fact,
∑
1≤n≤∞
1
n2
= ζ(2) = pi
2
6 .
9
Therefore, one cannot exclude that P is finite. In fact in such a case it surely
should be satisfied the condition
∑
p∈P
1
p−1 ≤ pi
2
6 . At the same time, the estimate∑
p∈P
1
p−1 ≤ pi
2
6 neither excludes the infinite alternative for the set P, since in
any case
∑
p∈P
1
p−1 must converge since it admits as majorant the convergent
series
∑
1≤n≤∞
1
n2
. Therefore, the Euler-Riemann zeta function estimate of P (3)
does not exclude that P is infinite. 
Let us conclude this section answering to the Conjecture 4.11.
Theorem 4.13 (The Conjecture 4.11 is false). The set P is finite.
Proof. Let us first consider the following lemmas.
Lemma 4.14. A n-ghost triangle, n > 1, must necessarily have n even. (This
condition is not sufficient !)
Proof. In fact, if n = 2m, n > 1, then n2 is necessarily an even number ≤ 4, hence
n2 + 1 is an odd number ≥ 5, hence can be a prime p ≥ 5. Instead, if n = 2m+ 1,
n > 1, then n2 is again an odd number and n2 + 1 is necessarily an even number,
hence it cannot be a prime number p > 2. Therefore in order that n2 + 1 should
be a prime number p > 2 it is necessary that n should be an even number ≥ 2. To
prove that the condition in the lemma is not sufficient it is enough to look to Tab.
3 where there are many examples with n even but with n2 + 1 6∈ P . For example
n = 8, where n2 + 1 = 65 6∈ P . 
9This has been first proved by Euler (1735) solving the so-calledBasel problem.
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Lemma 4.15. A right triangle ABC in R2 is a n-ghost triangle, n > 1, with
AC = n, and BC = 1, iff the Diophantine equation (4)
(4) ϕ((2m)2 + 1) = (2m)2,
is satisfied, where ϕ : N→ N is the Euler’s totient function.
Proof.
(5) N

• // N
+1 // N
ϕ

0 // >1P // N
	
2
OO
2 ❃
❃❃
❃❃
❃❃
❃
b //
a
// N
N
•
??        
In fact a positive integer m > 1 is prime iff ϕ(m) = m − 1. This follows soon
from the well-known Euler product-formula: ϕ(m) = m(1 − 1
a1
) · · · (1 − 1
ak
), when
m = ar11 · · · arkk , is the prime factorization of m.10 
From above lemmas we get that theorem is proved iff the set >1P identified with
(6)
(6) >1P ≡ {m ∈ N |ϕ((2m)2 + 1) = (2m)2, m ≥ 1}
is infinite. In fact P ↔ >1P. Therefore, we can also write
P = kera b = {n ∈ N | a(n) = b(n)} ⊂ N,
where a and b are defined by the exact commutative diagram (5). We get that
P is infinite iff im (a)
⋂
im (b) ⊂ P ⊂ N is infinite. On the other hand one has
♯(im (a)) = ℵ0, since there is the bijection fa : N→ im (a), given by fa(n) = (2n)2.
The structure of im (b) is given by
im (b) = {|Z×(2n)2+1| = |Z×ar1
1
| · |Z×
a
r2
2
| · · · |Z×
a
r
k
k
|}n∈N,
when (2n)2+1 admits the prime factorization (2n)2+1 = ar11 ·ar22 · · ·arkk . Therefore
we get also ♯(im (b)) = ℵ0. From Tab. 3 we know that im (a)
⋂
im (b) 6= ∅, but we
understand also that P can be identified with a proper subset of P . Let us note
that solutions set Sol(N) of the Diophantine equation (7)
(7) ϕ(n) = n− 1, n ∈ N
is the infinite subset P ⊂ N of primes, hence ♯(Sol(N)) = ♯(N) = ℵ0. This means
that cardinality of the set of solutions of equation (7) must coincide with the car-
dinality of N. This does not necessitate remain true for other infinite subsets of P .
In fact, we have the following lemma.
Lemma 4.16 (Cardinality and Diophantine equation). Let fixed X ⊂ N be a subset
X of N. Let us denote Sol(X) ⊂ N, the set of solutions of the Diophantine equation
(8)
(8) ϕ(m) = m− 1, m ∈ X ⊂ N.
We shall prove that ♯(Sol(im (b))) < ℵ0.
10Note that equation (4) is not in contradiction with Lemma 4.14 since ϕ(r) is always even
for r ≥ 3.
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Proof. One has the commutative diagram (9) of bijections and inclusions.11
(9) N
h

f // im (b)oo
P // Sol(N)oo
OO
Sol(im (b))? _oo
 ?
OO
// Poo
In order to prove this lemma let us try to use the same algebraic topologic approach
followed in the previous sections. Then we say that two points a, b ∈ R2 are n−-
bording if there exists a smooth curve γ : [0, 1]→ R2, such that γ(0) = a, γ(1) = b
and such that it intersects the segment [a, b] into a point p that is a parabolic
prime p = n2 + 1, n ∈ N, up to diffeomorphisms of R2. We denote by nΩ the
corresponding bordism group. We put nΩ = ∅ if n
2 + 1 6∈ P . By using Lemma
4.14 we get that n=2m+1Ω = ∅, m ≥ 1.
Let us prove that n=1Ω ∼= Z2. In fact any two points a, b ∈ R2 can be identified
with the ends of the interval [0, (n + 1)2 = 4] ⊂ R of the x-axis. Now, we know
from Theorem 3.2 that in the interval [n2 = 1, (n + 1)2 = 4] there exists at least
a prime. In particular we see that n2 + 1 = 2 is a parabolic prime. The curve
γ : {y = sin(xˆ) }xˆ= x
pi
, over the interval [0, 4], bords 0 with 4 and intersects the
interval [0, 4] in the point p = 2. Hence the points 0 and 4 on the x-axis 1 − -
bord. Since any arbitrary couple of points a, b ∈ R2 can be identified with the
points 0 and 4 of the x-axis, by means of suitable diffeomorphisms of R2, it follows
that n=1Ω ∼= Z2. In general we can say that nΩ ∼= Z2 iff n2 + 1 = p ∈ P . In
fact, iff n2 + 1 = p ∈ P one has that m1 ∈ [m2] ∈ nΩ, for any m1, m2 ∈ N,
such that m1 < n
2 + 1 = p < m2. Then since any arbitrary couple of points
a, b ∈ R2 can be identified with the points m1 and m2 of the x-axis, by means of
suitable diffeomorphisms of R2, it follows that nΩ ∼= Z2 iff n2 + 1 = p ∈ P . We
can realize the isomorphism f∗ :
nΩ ∼= 1Ω, by a diffeomorphism f : R2 → R2,
(x, y) 7→ (x¯ = x 2
n2+1 , y). In fact by considering the curve y = sin(xˆ), xˆ =
x
pi
,
over the interval [0, 2.(n2 + 1)], that intersects this interval in the parabolic prime
p = n2 + 1 ∈ P, after the above diffeomorphism the interval [0, 4] is intersect by
the deformed curve in the point 2 that is just a parabolic prime, ( 12+1 = 2 ∈ P),
corresponding to the bordism group 1Ω.
Example 4.17. •The isomorphism f∗ : 2Ω → 1Ω, can be realized considering
the diffeomorphism (x, y) 7→ (x¯ = x25 , y). In fact we can consider the curve y =
sin(xˆ), xˆ = x
pi
, over the interval [0, 10], that intersects this interval in the parabolic
prime p = 5 ∈ P. After the above diffeomorphism the interval [0, 10] is deformed
into [0, 4] that is intersect by the deformed curve in the point 2 that is just a parabolic
prime identifying the bordism group 1Ω.
• Similarly the isomorphism f∗ : 4Ω → 1Ω, can be realized considering the dif-
feomorphism (x, y) 7→ (x¯ = x 217 , y). In fact we can consider the curve y = sin(xˆ),
xˆ = x
pi
, over the interval [0, 34], that intersects this interval in the parabolic prime
p = 17 ∈ P. After the above diffeomorphism the interval [0, 34] is deformed into
[0, 4] that is intersect by the deformed curve in the parabolic prime 2.
•Again the isomorphism f∗ : 10Ω → 1Ω, can be realized considering the diffeo-
morphism (x, y) 7→ (x¯ = x 2101 , y). In fact we can consider the curve y = sin(xˆ),
11Warn ! We just know that Sol(im (b)) is a proper subset of P . In fact must be P ⊂ P .
Therefore the commutativity of diagram (9) does not mean that P is infinite.
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xˆ = x
pi
, over the interval [0, 202], that intersects this interval in the parabolic prime
p = 101 ∈ P. After the above diffeomorphism the interval [0, 202] is deformed into
[0, 4] that is intersect by the deformed curve in the parabolic prime 2.

Let us assume, now, that the set P is finite: P = {p1 = n21 − 1 < · · · <
< pk = n
2
k − 1}. Then a parabolic prime p > pk should not exist. Therefore
for any integer n > nk, we should have
nΩ = ∅. On the other hand for any
diffeomorphism f : R2 → R2 we can induce an isomorphism f∗ : 1Ω → f∗(1Ω). In
particular we can take f∗, induced by the inverse diffeomorphism (x, y) 7→ (x 2p , y),
where p ∈ P . Such a diffeomorphism deforms the interval [0, 2p] into [0, 4] and
the curve y = sin(xˆ) on [0, 2p], with intersection p ∈ [0, 2p], into a smooth curve
intersecting [0, 4] into the point 2. Since we cannot state that p is a parabolic
prime, we cannot state that f∗(
1Ω) coincides with some n −  bordism group
nΩ, with p − 1 = n2, p > pk. In other words, now the situation is different from
the ones considered in the previous sections, since the diffeomorphisms f are useful
to prove the conjecture iff p are parabolic primes ! (Instead in the previous sections
it was enough to consider diffeomorphisms that reduce curves and intervals only,
without any attention to other a priori requests.) Really, what can be obtained from
above diffeomorphisms and induced isomorphisms, is the sequence of isomorphisms
reported in (10).
(10) 1Ω ∼= 2Ω ∼= 6Ω ∼= 10Ω ∼= · · · ∼= pΩGB ∼= Z2, ∀ p ∈ P,
but we are not authorized to state that the set P is infinite, since if p is not just a
priori a parabolic prime the existence of the smooth curve y = sin(xˆ) on the interval
[0, 2p] states only that 2p ∈ [0] ∈ n¯Ω, with n¯2 + 1 = p¯ ∈ P and p¯ < p ∈ P !
Let us emphasize that the parabola Γ : {y = x2 + 1} ⊂ R2, (see figure on the
right in (2), when considered on the lattice N2, identifies a discrete subset ΓN ⊂ Γ,
encoded by the Diophantine equation m = n2 + 1, (m, n ∈ N):
ΓN = {m = n2 + 1}n∈N ⊂ Γ.
Therefore we get also the following bijection and embedding ΓN ↔ N →֒ R. As a
by product we get the following relations between the corresponding cardinalities.
♯(ΓN) = ♯(N) = ℵ0 < ♯(R) = c.
We can consider also P embedded into N and ♯(P ) = ℵ0, but this does not necessi-
tate that P ⊂ ΓN. From Tab. 3 we know that P ↔ P
⋂
ΓN ↔ Γ 6= ∅, but this
does not necessitate that ♯(P
⋂
ΓN) = ℵ0. With this respect, in order to conclude
the proof of Theorem 4.11 , let us consider some lemmas more.
Lemma 4.18. The prime p, p > 2, is parabolic iff ϕ(p) = (2n)2, for some n ≥ 1.12
Proof. In fact if we restrict the Euler’s totient function ϕ : N→ 2N to the subset of
primes P ⊂ N, we get that ϕ(p) = p− 1. Therefore, taking also account of Lemma
4.14, p > 2 is a parabolic prime iff ϕ(p) = (2n)2, for some integer n ≥ 1. 
Lemma 4.19 (Equations of Ramanujan-Nagell type). The set of the Diophantine
equations of Ramanujan-Nagell type x2 + A = BCn, with A, B, C fixed and x, n
variable, admits a finite set of solutions.
12This lemma further justifies the construction of the figure on the right in (2).
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Table 4. Examples of correspondences im (b) ↔ N ↔ P → P.
P N im (b)
⋃
{2} P
2 1 2 2
3 2 5 5
5 3 10 17
7 4 17 37
11 5 25 101
13 6 37 197
17 7 50 257
19 8 65 401
23 9 82 577
29 10 101 677
31 11 122 1297
37 12 145 1601
41 13 70 2917
43 14 197 3137
· · · · · · · · · · · ·
Proof. See [5, 9] and the work by Carl Ludwig Siegel in [11, 10], for a proof of the
lemma about the Ramanujan-Nagell type equations. 
Lemma 4.20 (Equations of Ramanujan-Lebesgue-Nagell type). The set of the
Diophantine equations of Ramanujan-Lebesgue-Nagell type x2 + A = Byn, with
A, B fixed and x, y, n variable, admits a finite set of solutions.
Proof. See [6, 7, 10]. 
Let us now observe that the Diophantine equation in Lemma 4.18 can be considered
as a Ramanujan-Nagell type equation with the additional constraints A = 1 = B,
C = p ∈ P and n = 1, or as the Ramanujan-Lebesgue-Nagell equation with the
additional constraints A = 1, B = 1, y = p ∈ P , and n = 1. Therefore, for example,
if the set {x, y, n} ∈ N3 of solutions of the Ramanujan-Lebesgue-Nagell equation
is finite, it follows that the set P of solutions of the Diophantine equation in
Lemma 4.18 must necessarily be finite too. As a by product we get ♯(Sol(im (b))) <
♯(im (b)) = ℵ0 = ♯(N). In other words the Conjecture 4.11 is not true. 
Example 4.21. In Tab. 4 are reported some valuations of the correspondence
im (b) ↔ N ↔ P → P.
There “· · · ” closing the table mean that those correspondences must stop at some
point.13
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